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Abstract 

In the present article we define coverings of affine Deligne-Lusztig varieties attached to a 
connected reductive group over a local field of characteristic p > 0. In the case of GL 2 , the 
unramified part of the local Langlands correspondence is realized in the £-adic cohomology 
of these varieties. We show this by giving a detailed comparison with the realization of local 
Langlands via cuspidal types by Bushnell-Henniart. All proofs are purely local. 


1 Introduction 


The classical Deligne-Lusztig theory aims for a geometric construction of representations of 
finite groups of Lie-type. In DL , Deligne and Lusztig constructed the so-called Deligne- 
Lusztig varieties attached to a connected reductive group over a finite field and could show 
that any irreducible representation of the group of F^-valued points occurs in the £-adic 
cohomology of these varieties. Since then one was trying to find similar constructions in 
the affine setting, aiming for a geometric realization of the local Langlands correspondence. 
However, usual geometric realizations of local Langlands make use ofp-adic methods, formal 
schemes and adic spaces, also using the global theory. In the present article we introduce 
a very natural affine analog of Deligne-Lusztig varieties of arbitrary level attached to a 
connected reductive group over a local field F of positive characteristic. Using these varieties 
we realize the unramified part of the local Langlands correspondence for GL 2 over F using 
only schemes over and purely local methods. Moreover, we will give a detailed comparison 
of our construction with the theory of cuspidal types of Bushnell-Henniart and on the 
’algebraic’ side we will show an improvement of the Intertwining theorem BH 15.1. 


To begin with, let fc be a finite field with q elements, k its algebraic closure and let a 
denote the Frobenius automorphism a; 1 —> s'* of k. Let F = k{{t)) resp. L = k{{t)) be the 
fields of Laurent series over k resp. k and Op = /c|t],Oi = their rings of integers. 
Let pL £ Ol denote the maximal ideal. We extend a to an automorphism of L by setting 


Let G be a connected reductive group over F and let G be a smooth model of G over 
Op- It is a central problem to realize smooth representations of the locally compact group 
G{F) in the Gadic cohomology of certain schemes (or formal schemes, or adic spaces, ...) 
over k (where £ is prime to char(/c)). Usually such schemes come up with an action of 
G{F) xT{F), where T is some maximal torus of G and as a consequence the representations 
of G{F) occurring in their Gadic cohomology are parametrized by characters of T{F), lying 
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in sufficiently general position. After the fundamental work of Deligne and Lusztig |DL| , 
which followed the pioneering example of Drinfeld concerning SL 2 (fc), and deals with repre¬ 
sentations of the finite group G(k), many generalizations of their ideas aiming a construction 
of representations of GiiOp/f^) for r > 2 resp. of G{F) were made. We give some exam¬ 
ples. In |Lu| Lusztig suggested such construction (without proofs) and more recently he gave 
proofs in |Lu2| . (A minor variation of) this construction was worked out for division algebras 
by Boyarchenko |Bo| and Chan |Ch| (see also |BW| ). A further closely related approach, 
was given by Stasinski in , who suggested a method to construct the so called extended 
Deligne-Lusztig varieties attached to G{Of/F). The advantages of our consturction are 
that it (i) has a quite simple definition in terms of the Bruhat-Tits building of G, (ii) es¬ 
tablishes a direct link with affine Deligne-Lusztig varieties, which are well-studied in various 
contexts, which in particular allow to use the whole combinatoric machinery developped for 
their study, (iii) covers all levels (also level zero) simultaneously. 

A starting point for our construction is Rapoport’s definition of affine Deligne-Lusztig 
varieties in Ra Definition 4.1. We recall this definition (in the Iwahori case). Let be 
the Bruhat-Tits building of the adjoint group G^^ad- The Bruhat-Tits building of Gad over 
F can be identified with the a-invariant subset of Let S' be a maximal L-split torus 
in G, which is defined over F (such a torus exists due to |BT2 5.1.12). Let I c G{L) be 
the Iwahori subgroup attached to a cr-stable alcove in the apartment corresponding to S. 
Let ^ be the affine ffag manifold of G, seen as an ind-scheme over k. Its fc-points can be 
identified with G{L)/I. Let W denote the extended affine Weyl group of G attached to S. 
The Bruhat decomposition of G(L) induces the invariant position map 


inv: ,^{k) x ^{k) W. 

For w e W and b e G(L) the affine Deligne-Lusztig variety attached to w and b is the locally 
closed subset 


Xw{b) = {gl e mv{gl, bcr{g)I) = w} 

of which is given its reduced induced sub-Ind-scheme structure. Let Jb be the cr-stabilizer 
of b, i.e., the algebraic group over F defined by 


Jb{R) = {ge G(i?(2)F L): g ^ba{g) = b} 


for any F-algebra R. Then Jb{F) acts on Xa,{b). 

We sketch now the construction of natural covers of these varieties, which still admit 
an action by Jb{F). The details are given in Section]^ Let $ = <f>(G, S') be the relative 
root system. We see 0 as the ’root’ corresponding to the centralizer T of S in G (as G is 
quasi-split, this is a maximal torus). After choosing a cr-stable base point x in with 
a concave function / on 4) u {0} (for a definition cf. Section 2.1), one can associate a 
subgroup G{L)f c G{L). In 


|Yu| , Yu defined a smooth model Gf of Gl over Ol , such that 
G^(Gf) = G{L)f. Assume that G{L)f c / and that G{L)f is cr-stable. Then Gf descends 
to a smooth group scheme over Op. Further, G(L)/G(L) f is the set of ^-points of an Ind- 
scheme which defines a natural cover of ^ by PR Theorem 1.4. Moreover, if G{L) f is 
normal in I, then ^ is a. (right) principal homogeneous space under I/G{L)f. There 

is a map 


inv^: ^^{k) x ^^[k) —> Dq j, 

which covers the map inv. Here Dqj is a set of representatives of double cosets of G{L)f 
in G{L). For w/ e Do.f: b e G{L), we define the ajfine Deligne-Lusztig variety of level f 
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attached to Wf and b as the locally closed subset 


xljib) = {g = gG{L)f e inv-^( 5 , 6 cr(g)) = w/}, 


endowed with its induced reduced sub-Ind-scheme structure (in fact, this is a scheme locally 
of finite type over k). Assume G{L)f is normal in I. Then / acts on Dqj by cr-conjugation 
Wf 1 -^ i~^Wfu{i), hence we can consider the stabilizer If,wj ^ / of Wf under this action. 
It acts on on the right and this action commutes with the left action of Jb{F). 

Moreover this //_u;/-action can be extended to an action of where Z is the center 

of G. Thus we obtain the desired variety Xl^^ib) with an action of G{F) x Z{F)If^^^.. 

We study further properties of Iwjj and Xl^^ih) for general G elsewhere. The rest of 
the paper is devoted to the detailed study of the case G = GL 2 . Now we explain our results 
in this case. As the levels indexed by concave functions are cofinal, we restrict attention 
to very special functions fm (cf. Sections |2.1|3.1 ) for integers m > 0 and write instead 
of G{L)f^, A™^(1) instead of (&), etc. We determine the varieties X™^(1) and the 
attached representations of G{F) and compare our results with the algebraic construction of 
the same representations in H 


using the theory of cuspidal types. We sketch our results 
Let E/F be the unramified extension degree 
in the finite Weyl group is non-trivial, then Z{F)Im,Wm has a natural 
quotient isomorphic to E*, and the Z{F)Im,w^- action in the Gadic cohomology of X™^(1) 
factors through an i?*-action. In this way we obtain a G(F)-representation in the spaces 
HJ.(X™^(l),Q^)[x], where x through smooth Q^-valued characters of E*. It turns out 
that if X is minimal of level m, lies in sufficiently general position, then there is an integer 
io, such that HJ.(X™ (l),Q^)[x] = 0 for all i A fo and 


here; for a precise treatment cf. Section 4.1 
2. If the image of w. 


I?;, = H‘«(X“^(1),Q,)[X] 

is an unramified irreducible cuspidal representation of G{F), of level m (we also define 
for X non-minimal). Let P“(i^) be the set of all isomorphism classes of admissible pairs 
over F attached to E/F (cf. |BH| 18.2). Let ^/■/''^{F) be the set of all isomorphism classes 
of unramfied irreducible cuspidal representations of G{F). We defined a map 


x- 


(1.1) i?:P”(F)^.2/2“(I^), {E/F,x)-^R 

As a consequence of our trace computations in Sections |4.2|4.4| we see that this map is injec¬ 


tive (cf. Corollary 4.141. Using the theory of cuspidal types and strata, Bushnell-Henniart 
attached to an admissible pair {E/F^x) &n irreducible cuspidal G(U)-representation 
( |BH| §19; we recall the construction briefly in Section 4.6 1 . The tame parametrization 
theorem ( |BH| 20.2 Theorem) then shows that the map 


pnr(J,) ^ ^nr(j,), ^ 

is a bijection (also for even q). Here is our main result (which also works for even q). 

Theorem |4.3[ Let {E/F,x) be an admissible pair. The representation R^ is irreducible 
cuspidal, unramified, has level i{x) central character x\f* ■ Moreover, R^ is isomorphic 
to TT^. In particular, the map (1.1 1 is a bijection. 


The proof is purely local. Two ideas in the proof follow Bo , BW 


it is Boyarchenko’s 

trace formula (cf. Lemma 4.71 and maximality of certain closed subvarieties of X/fi (1) (note 


that itself is not maximal due to the presence of a ’level 0 part’). The rest of the 

proof is independent of |Bo|, |BW . 
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Finally, we remark that for G = GL 2 and b superbasic, Jb{F) = D* for D a quaternion 
algebra over F and the varieties (6) seem to be very close (but unequal) to the varieties 
studied by Chan in |Ch| (cf. Section [3^. 


Outline of the paper 


In Section we define affine Deligne-Lusztig varieties for a connected reductive group G of 
level attached to a concave function on the roots. In Section we compute these varieties 
for G = GL 2 ,6=1 and determine their Gadic cohomology. In Section |4.1| we recall the 
setup and state our main result for GL 2 , Theorem |4.3| After performing necessary trace 
calculations in Sections 4.2]|4.4 we compare our construction with that in |BH| in Sections 
|4.5p.6| and finish the proof of Theorem |4.3[ 
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2 Coverings of affine Deligne-Lusztig varieties 

The goal of this section is to define coverings of affine Deligne-Lusztig varieties. 


2.1 Concave functions and smooth models 


Let G be a connected reductive group over F. As k is algebraically closed, G^ is quasi-split 
over L. Let S' c G be a maximal L-split torus, which is defined over F. Let T = 3fc{S) 
be the centralizer of S. As Gl is quasi-split, T is a maximal torus. Let $ = ^{Gl,Sl) 
denote the relative root system. For a e 4), write Ua for the corresponding root subgroup 
and let Uq = T. Let be the Bruhat-Tits building of Gl and let jz/g be the apartment 
corresponding to Sl- We fix a u-stable base alcove a contained in .c /5 and let x be one of 
its vertices. Then x defines a filtration of Ua{L) by subgroups Ua{L)x,r {r s K) for a G $ 


(cf. 1^ §6.2). 

Moreover, choose an admissible schematic filtration on tori in the sense of Yu |Yu| §4. 
This gives a filtration ?7o(L)x,r = T{L)r on T. If G satisfies condition (T) from |Yu| 4.7.1, 
then this filtration is independent of the choice of the admissible filtration and coincide with 
the Moy-Prasad filtration on T{L), cf. Yu Lemma 4.7.4. Moreover, G satisfies (T) if it is 


either simply connected or adjoint or split over a tamely ramified extension |Yu| 8.1. We do 
not use this in the following. 

Let K = Ku{r-I-: r e K}u{oo} be the monoid as in 
is called concave ( |BT| 6.4), if 


BT 


6.4.1. A function/: $u{0} 


Yi /(«*) ^ /(Zl 

i=l i=l 


Fix a concave function /: $ u {0} ]Rg,o \ {oo}- Let G{L)xj be the subgroup of G(L) 
generated by a G 4> u {0}. By Yu Theorem 8.3, there is a unique smooth 


model G^f of Gl over Ol such that G^ j{Ol) = G{L)xj. Moreover, if G{L)xj is a-stable. 
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then ^ descends to a group scheme defined over Op ( |Yu| 9.1). We denote it again by 

G.J- 

Let I c G{L) be the Iwahori subgroup associated with a and let c $ denote the set 
of positive roots determined by a. Let fj be the concave function on <i> u {0} defined by 


//(«) 


J0 for a e $+ u {0} 

\fi{a) = 0+ for a e 


Then G{L),j^ = 
function defined 


= I (cf. 
by 


Yu 


7.3). For TO ^ 0 let /„: $ u {0} 


Kj-o \ {oo} be the concave 


Write = G{L)^j^. 


/m(a) 


j TO if a G <&+ 

[to"*" if a g u {0}. 


Lemma 2.1. For to > 0, /"* is normal in I and /"* is a-stable. In particular, admits 
a unique smooth model Gx /„ • This model is already defined over Op- 


Proof I (resp. /™) is generated by Ua{L)„,jj(^a) (resp. Ua{L)„,j^(^a)) for a G $ u {0}. 
To show normality, it is enough to show that for any roots a,5G<i)u{0}, the commutator 
{Ua{L)xj,(a),Ub{L)xj^(b)) ^^containedm I^. By BT (6.2.1) V3 (we can treat 0 as a root), 
{Ua{L)xj,(a),UbiL)xj^(b)) is contained in the subgroup generated by C/pa+ 5 &(L)p/^(a)+g/„(fe) 
forp, g > Osuch thatpa + g6G $u{0}. Now qfm{b) > to, hence Upa+qb{L)pf,(a)+qf„,(b) $ 
can only happen if //(a) = 0, fmib) = to, fmipa + qb) = to+. This is equivalent to 
a G u{0}, b G <&+, a+6 G <&” u{0}. This is impossible, hence Upa+qb{.L)pfi{a)+qfrr,{b) — 
and the normality is shown. Further, 7™ is generated by Ua{L )for a G $ u {0}, 
hence (t)/"*) is generated by a{Ua{L)= b^o'(a)(^)/„(a)- But as I is tr-stable, we have 
a G $+ a{a) G <&+ and hence fm{a) = /m(CT(a)). □ 


Consider the loop group LG, which is the functor on the category of fc-algebras. 


LG: R^G{R{{t))). 

Assume the concave function / is such that G{L)xj is a-invariant. Let L^Gx / be the 
functor on the category of fc-algebras defined by 

L^Gxj '■ Tt ^ Gxj{T^[[t]])- 

Then by |PR| Theorem 1.4 the quotient of fpqc-sheaves 

= LG/L+Gxj 

is represented by an Ind-fc-scheme of ind-finite type over k and its fc-points are ^-^(k) = 
G{L)/G{L)xj. Moreover, if g ^ f are two concave functions as above, then we have a 
natural projection ^ WAg write ^ for the affine flag manifold associated 

with Gx fp tbe smooth model of I and for to > 0. 


2.2 AfRne Deligne-Lusztig varieties and covers 


We keep the notations from Section 2.1 We fix a concave function /: $ u {0} ^ \ {oo}i 


such that / > //, i.e., G{L)xj £ 7 and s.t. G{L)xj is tr-invariant, i.e., Gx / is defined over 
Op. We write = G{L)xj. There are natural u-actions on (k), f (k), which are 
compatible with natural projections. 
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Let Nt be the normalizer of T in G. Let W = Nt(L)/T(L) be the finite Weyl group 
associated with S and W the extended affine Weyl group. If V denotes the absolute Galois 
group of L, then W sits in the short exact sequence 

0 ^ X^(T)r ^ W W ^ 0. 

Then the Iwahori-Bruhat decomposition states that 

G(L) = ]J Iwl, 

weW 

where w is any lift of w to N{L). Consider now the set of double cosets 

Dgj = G{LUf\G{L)/G{L),j, 

equipped with the natural projection map Dqj —» I\G{L)/I = W. If m 0, we also write 
DG,m instead of At least for w ’big’ enough, the fiber Dgj{w) over a fixed w eW 

can be given the structure of a finite-dimensional affine variety over k, by parametrizing it 
using subquotients of (finite) root subgroups. As this seems quite technical and as in this 
article we only need only the case G = GL 2 (cf. ( |3.3[ )), we omit the corresponding result in 
this article. We obtain a map, which covers the classical relative position map. 

Definition 2.2. Define the map 


inv^: ^f{k) X ^f{k) Dgj 

on fc-points by inv^{xG{L)^ f ,yG{L)^ f) = Wf, where wj is the double G{L)^j-coset con¬ 
taining x~^y. 

We come to our main definition. 

Definition 2.3. For f ^ fi concave, such that 1^ is u-invariant, b e G{L), and Wf e Dgj 
we define the affine Deligne-Lusztig variety of level f associated with 6 , wy as 

= {9 = 9G{L)xJ e .^^(k): 'luv^{g,ba{g)) = wj), 

with its induced reduced sub-Ind-scheme structure. 

We write Xfff^{b) instead of Xlj^{b). As usual, Xl,^{b) is equipped with two group 
actions. For b e G{L), let J 5 be the u-stabilizer of b, i.e., the algebraic group over F defined 
by 


Jb{R) = {g e G{R <S>f L): g ^ba{g) = b} 

for any F-algebra R. Then Jf,(F) acts on X£^{b) for any / and Wf. li f ^ f’ and wj lies 
over Wf, then Xl,^{b) lies over Xl,^^{b) and the Jf,(F)-actions are compatible. 

To describe the second group action, assume additionally that G{L)xj is normal in I. 
For w e W, we have a left and a right ///^-action on Dgj{w) by multiplication. We obtain 
the (right) ///^-action on Dgj{w) by {i,Wf) i~^Wfa{i). 

Lemma 2.4. Assume 1^ is normal in I. Let b e G{L),w e W and Wf e Dgj{w). 

(i) Xlj^ilf) is locally of finite type over k. 

fa) For every q e G(L), the map (h,xl^) 1 -^ {q~^hq,q~^xD) defines an isomorphism of 
pairs iMF),Xl^ib)) ^ (J,-i,,(,)(F),X 4 ( 5 - 16 ( 7 ( 5 ))). 

(Hi) For is I, the map xl^ 1 -^ xiP defines an isomorphism Xl,^{b) —> 
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Proof, (ii) and (iii) are trivial computations, (i): The affine Deligne-Lusztig varieties Xyj{h) 
are locally of finite type, ^ ^ is a ///^-bundle and I/if is of finite dimension over 
k. □ 


By Lemma 2.4 (iii), the cr-stabilizer 

If,wf = e /: i~^Wfa{i) = Wf} 


ofwfG Dcj{w) in / acts on Xl ,. (6) by right multiplication, and this action factors through 
an action of If^ui^/lf. Let Z denote the center of G. Note that Z{F) c and that 

J;,(T')-action restricted to Z{F) can also be seen as a right action, thus extending the right 
-action on Xf/^{b) to a right Z(F)/y_u,^-action. If to 5; 0, we also write Im,Wm instead 


3 Computations for GL 2 

From now on until the end of the paper we set G = GL 2 . In this section, we compute the 
associated varieties X'!f/^{1) and their Gadic cohomology. 


3.1 Some notations and preliminaries 

We fix the diagonal torus T and the upper triangular Borel subgroup B of G. We set 
K = G{Of) and fix the Iwahori subgroup / and its subgroups I™ for to > 0: 


f i + p^' Pl \^r=f 

{ l + prw^ V Pl O* 


G{Ol). 


Note that the groups I™ coincide with those defined in Section |2.1| with respect to the 
valuation on the root datum, which corresponds to the vertex of the Bruhat-Tits building 
of G associated with the maximal compact subgroup G{Ol). The maximal torus T is split 
over F and hence the filtration on it do not depend on the choice of an admissible schematic 


filtration. It is given by T(L)r 


1 + p’' 0 

0 1 + p’' 


Let Wa ^ W he the affine and the 


extended affine Weyl group of G. 

The variety Xy^{l) is empty, unless u> = 1 or re e Wa with odd length (cf. e.g. (T^ 
Lemma 2.4). The case w = 1 is not very interesting: Ifi(l) is a disjoint union of points and 
the cohomology of coverings of Ifi(l) contains the principal series representations of G{F), 
as for classical Deligne-Lusztig varieties and as in jl^ in case of level 0. Thus we restrict 
attention to elements of odd length in Wa- To simplify some computations, we fix once for 
all time a positive integer n = 2fc > 0 and the elements 


(3.1) 


w = 


0 

-F 


0 


V = 


t 


— k 


e Nt(L) c G(L) 


and denote by w (resp. v) the image of w (resp. v) in Wa and by Wm the images of w in 
DG,m(w) (the elements with n < 0 can be obtained by conjugation; the elements with n 
odd lead to similar results). Let pr^' he the natural projection. We have the 

following parametrizations of C™ = pr“^(C„) and DQ^m{w). For to > 0, let denote 
the Weil restriction functor ReS(fep]/tm+i)/j; from fc[f]/f'"+^-schemes to /c-schemes. Gy is 

parametrized by i? 2 fe-iGa ^ Gy, a 1 -^ ^ 1 ) ® ~ 2i=o ^ Then for to ^ 0, 

G/f is parametrized by 
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4’'^'- R2k-l^a X X 


(3.2) 


a, C, D, A, B 


c: 



Ivljl'^ 



1 A 
1 


1 

tB 1 


jm 


We write a = ait^, A = XlHo ^ ^ ''o(l + 'Eh=i ^4'’)- Moreover, for m ^ n, 

DG,m{w) is parametrized by 


c : Rm X R™-1 Gl{k) ^ DG,mH = I'^VwI/I^ 

(3.3) (C.DUE.B) - J/-. 

The proof that 4T r^sp. is an isomorphism of varieties resp. sets amounts to a simple 
computation. We omit the details. 

Finally, we remark the existence of the following determinant maps. Let x G Wa- There 
is a natural fc-morphism of fc-varieties: 

def": C™ = Ixl/I"^ R™ G„, yl^ ^ det( 2 /) mod 1 ^^+^. 

In the same way we have the fc-morphism 

det"*: DG,m{w) Rm<Gm, ^ det(j/) mod . 


3.2 The structure of (1) 

Lemma 3.1. Let m > 0. There is a natural isomorphism 


JI^ 


C A 
0 D 


e G(k[t]/r+4 : a\C) = C,D = a{C) I. 


Proof. An easy computation using (13.31) shows the lemma. 


□ 


For r > m, let Tm: k[f]/P denote the reduction modulo Using 

coordinates from (3.2), let S = Tm((j(a) — a) and let FJ” G C™ be the locally closed subset 
defined by 


(3.4) 


ao f k 
B = 0 

a{C)D-^S-^ = 1 

a{D)C-^S = 1 


Let Dy G Cy be the open subset defined by the condition oq ^ k. The composition FJ" ^ 
C™ ^ Cy factors through FJ" ^ Dy. The natural AT-action on Cff by left multiplication 
restricts to an action on FJ" (this will follow implicitly from the proof of Theorem 3.2). 
Moreover, Lemma 3.1 implies that the natural right ///"“-action on Cff restricts to a right 
action of on FJ". 


Theorem 3.2. Let 0 ^ m < n. Let {C, D, E, B) e DG,m{w). Then A™, (1) 

is non-empty if and only if one has B = —a{E). Lf this holds true, then is I-a- 
conjugate to Wm = /“(/(I) !> 0, 0) in DG,m{w) (that is w'yy = i~^WmO'{i) for some ie L). Ln 
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particular, X™, (1) = X™^(1), compatible with appropriate group actions. Further, there is 
an isomorphism equivariant for the left G{F)- and right {I/1"^).^]^-actions: 


G{F)/K 

Proof. In it was shown that Xu,(l) = YigeG{F)/K 9^^ decomposition of X^,(l) in 

connected components. As the natural projection ^ ^ restricts to a map 
we have 

= U = n gpT-\Dy). 

GiF)/K G{F)IK 


3.3 


that if w' = 


Thus it is enough to determine pr.^{Dy). One sees from Lemma 
(p'ff [C, D, E, B) do not satisfy B = —a{E), then prf^{Dy) = 0. On the other hand, if 

w'^ satisfies this, then u-conjugating first by ' 


B 1 


e I and then by a diagonal 


i = 


*1 


^2 


e I such that fy ^Ca{D)a^{ii) = 1 (such fy exists by Lang’s theorem) 

and fy = C'cr(fy), we deduce that w'^ is /-cr-conjugate to Wm. Thus by Lemma |2.4K iii) we 
may assume = Wm- In this case Lemma 3.3 shows priff^Dy) = TJ", which finishes the 
proof. □ 


Lemma 3.3 (Key computation). Let 0 ^ m < n. Let i/"* = ip^{a,C,D,A,B) e Of" such 
that ao f k. Write S = Tm(o'(a) — a). Then 

inv™(i/™,(T(i)/™) = (j)ff{a{C)D-^S-^,a{D)C-^S,-B,a{B)). 


Proof. Let 


X = 




t-^a \(C 
t-'^ )\ D 


1 A 
1 


1 

tB 1 


e G(L). 


We have to compute the (7™,/™)-double coset of x ^a{x). By assumption S' is a unit and 
one computes (using m < n) 


t-^ 


-1 


fy t-'^a 


1 t-2'=(a(a) - a) 


t-'^ J \ 1 

in G{L). Thus by normality of 7”’' in 7, we obtain: 


e7” 


S 


h;7™. 


r(i) e 7" 


1 

-tB 1 
a{C) 


1 -A 
1 


G 


-1 


D- 


r{D) 


1 cr(A) 


1 J V 1 


Then we can pull the term containing —A to the right side of w, without changing the 
other terms. The corresponding term, which then appear on the right side of w will lie in 
7™, i.e., we can cancel it by normality of 7™ in 7. The same can be done then with the 
term containing cr(A), by pulling it to the left side of w and cancelling it. Computing the 
remaining matrices together, we obtain: 
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X ^a(x) e 


C-^a(D)S 


1 \ . f a{C)D-^S-^ 

-tB ijH 



1 


jm 


This finishes the proof. 


□ 


3.3 The structure of 

Let k 2 /k denote the subextension of k/k of 

degree two. There is a natural surjection 


We keep notations from Sections 3.1 and 3.2 


= I y.ce {k2[tyr+y^. 

Let = Ti),m SL 2 (fc 2 [t]/t"*'''^) be the subgroup defined by the condition C~^ = cr(C'). 

Let f : k ^ k denote the map f{x) = x’^ — x. For X e we write X = We 

denote the affine space (over k) spanned by coordinates Xq, ..., by A’'(Xo,..., Xr-i) 
resp. by hr{X). 

Proposition 3.4. Let 0 ^ m ^ n. 

(i) The variety TJ" is isomorphic to the finite covering of Dy x A™(A) given by 


(3.5) a^{C)C-'^ = a{S)S-\ 

in k[f\/t'^'^^. It is a finite etale Galois covering with Galois group T^.m- 

(ii) The (set-theoretic) image o/det”^: Yy —> is the disjoint union of the k-rational 

points, which is as a set equal to (fc[t]/t’”+^)*. Moreover, 7ro(Yy) = (fc[t]/t™+^)*. 
The map irofYy) 7ro(Tj("“^) induced by the projection corresponds to the reduction 
modulo map. 

(Hi) Let Yffj be the connected component of Yy corresponding to 1 e (k[t]/t'^'^^)*. Then 
Yffi is (isomorphic to) a finite covering of Dy x A™ given by 


(3.6) Ca{C) = S. 

It is a connected finite etale Galois covering with Galois group Moreover, 

Yff) X Ai(A„^_i) is given by 


(3.7) 


H" Cm — 


/(am) 

/(ao) 






i=l 


Proof. Note that for a point 'f'y{a, C, D, A, 0) e TJ", S = Tm{o),C, D are units in 
From the last two equations in (3.41, we see that on Yy, D = a{C)S~^ 
mined by C and S and that Yf 


is uniquely deter- 


is indeed given by the equation (3.5). Let us from now on 

' '2 _ 

proceed by induction on m. We see that Yf) Dy is defined by Cg ~ = f{ao)‘‘~^, i.e., it is 
finite etale with Galois group isomorphic to fc|. Clearly, FJ" lies over x A^(Am_i). 

Bring equation ( |3.5| ) to the form a^{C)S = Ca{S). Expanding this expression with respect 
to G = co(l + Y^LiCiT), S = X;i/(ai)i% shows that FJ" ^ x A^(Am_i) is defined 

by an equation of the form 
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p(^0 5 ■ ■ ■ ; ; Cq , - ■ • , C^ — l ) 


with p some regular function on x A^(ylm-i)- This is clearly a finite etale covering. 

Moreover, it is Galois and the Galois group is isomorphic to ^ 2 , where A e ^2 acts by 
Cm Cm + A. By induction, FJ" ^ Dy x A"*(A) is also finite etale and has degree — 
1 ) 5 ^™. Equation (3.5) shows that the automorphism group of this covering contains T^.m- 
Gomparing the degrees we see that FJ" ^ Dy x A"* is Galois with Galois group This 

shows part (i). Let i/™ = C, D, A, 0) e FJ". As c (1), we obtain 


1 = det™(C(l, 1.0,0)) = det™(/™i-V(i)/™) = {CD)-^a{CD). 


It follows that det™(i;/’”) = CD e (fc[t]/t’”+^)*. This shows the claim about the image 
of det™. In particular, we obtain a map 7 ro(FJ") ^ (fc[<]/t”^+^)*. Its surjectivity follows 
using the action of Ty,^m on FJ" and the fact that det: Tyy^m (fc[t]/t’"+^)* is surjective. 
Let FJ^ be the preimage of 1 under det™: FJ” ^ Then F„™ is connected: this 

is a byproduct of Lemma 3.9 (i) below. The compatibility of det™ with changing the level 
is immediate. Thus it remains to prove part (iii) of the proposition. Equation CD = 1, 
holding on F„™, inserted into ( |3.4[ ) shows the first claim of (iii). The second statement of 
(iii) is clear from parts (i),(ii). Inserting C = Co(l + 2]™iCit®), S = Xii/(“*)!* i’^lo (3.6) 
shows (3.7). □ 


3.4 Cohomology of 


We keep the notations from Sections 3.1]|3.3 Fix a prime ^ A char(fc). We are interested in 
the Aadic cohomology with compact support of FJ". For a variety X/Vq, we write H).(X) 
instead of HJ.(X,Q£). Set h].{X) = dim^^ HJ.(X). Further, HJ.(X)(r) denotes the Tate twist. 
Set: 


N_ = {oq, Cq e k: Oq e ^2 \ fc, Cg'*’^ = /(og)} ^ k x k, 


and let (7+, C- be affine curves over defined by 

C+: ±x = . 

We write V+ = H^(C+). Note that V+,V- are isomorphic as abstract vector spaces (as 
C+,C- are isomorphic over k) and only differ by the action of Frob^ on them. One has 
dim^F+ = q{q-l). 

Theorem 3.5. Let 0 ^ m < n. Then H),(Y™) = 0(k[t]/t">+i)* Hc(Y™o)- ^0 = 
do{n,m) = 2(n — 1) + 2m + 1. Then H),(Y™g) = 0 if i > do + 1 or i < do — m and 


H^«+i(Y™o) ^ Q,(-(n + m)) 

Rdo ~ _ Ijj 

Hd«-j(Y™o) - 0 Qf foranyl^j^m. 

For 1 ^ j ^ m the action 0 /Frobq 2 on H(?““j(Y™g) is given as follows: it acts by per¬ 
muting the blocks corresponding to elements of N- (by (ao,Co) (c-Ot~co)J cmd acts as 
multiplication with the scalar (—l)do-iq,do-i each of these blocks. 
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Remark 3.6. We have chosen do such that j (Y™) corresponds to a G(F)-representation 
of level j (cf. Definition 4.2). 


Proof. The first statement of the theorem follows from Proposition |3.4| We need some 
further notation: 


k- = k-{x) = {a; G ^2 : + a; = 0 } c ^2 

N+ = N+{x,y) = {x,y ek: X e k 2 ,y^^^ = + x) <^1: xk. 


Let be the finite etale covering of the open subset {oq ^ k} of the m+1-dimensional affine 
space A"*+^(ao, •.. , 0 ™), which is defined by the same equations defining (cf. (3.7l). 
There is a projection ^ the /m.«i„/-f™-action on YJ^ induces a r^i^m-action 


on Y™o’ . We have Yfff s YfJ^f x A” ^{am+i, ■ ■ ■, a„_i, Aq, ..., Am-i) and hence H(,(Y(fo) = 
He ^^(Y“q)(—( n — 1)). For m 5= 0, let Y™ c Yff]^' be the closed subscheme defined by 
the equation Oq — Oq = 0. Note that K- and ^,-actions on Yj^’ restrict to actions on 


and that equation (3.71 defines Y™ c Y"* ^ x A^(cm) as a covering of Y™ For all 


m > 1, we make the following coordinate change: replace Om by a'^ = /(ao) 


For tto G ^2 \ fc, one computes /(oq)'^ = —/(oq) and equation (3.71 simplifies over the locus 
Oo G A :2 \ fc to 


m —1 


(3.8) 




+ “m — Xj 


Make a second coordinate change: for all m > 1 replace a'^ by am = — 2])= 


L^J 


cjcm—i’ 


This second coordinate change turns equation (3.8) defining Y™ over Z"* ^ into 


l^J 


(3.9) 


al, + ar, 


= Xl (Ci - cf )c^_i -f 


i=l 


'"m/ 2 ’ 


where dm = 0 if m is odd and dm = 1 if m is even. All together, Z"* is isomorphic to 
the locally closed subset of A^™+^(ao, ai , am, cg, Ci,..., Cm) defined by af — Og = 0, 
of — og A 0, = af — og and the m equations (3.91 for m' = 1, 2,..., to. The first three 

of these equations and the equation (3.9) for m' = 1 obviously divide Z™ into iV_ x k-{ai) 
components, which are all isomorphic, as one sees using K- and T^j^m-a-ctions on Z™. Thus 
Zm ^ I_[^_ N Z™, where Z™ is the closed subvariety of A^'"“^(q! 2 , ..., am, ci,..., Cm) 


defined by equations (3.9) for m' = 2 ,..., to. 


Lemma 3.7. Let to > 1. Then Z™ js connected, i.e., 7rg(Z"*) = A^_ x k-{ai). 


Proof. We proceed by induction: for to = 0,ZS is a point, thus connected. Let to > 1 and 


is connected. By Lemma 3.9 ii) below (this lemma is formulated for Z„ 


assume that Z™ ^ 

instead of Z™ = x A^(cm) - see below in the proof of the theorem), the fibers of 

Z’" ^ Z"*“^ (and hence also of Z™ —> Z™“^) over the open subset defined by cf — Ci A 0 


are connected. Hence ZJf is connected. 


□ 


We see that Z™ is a connected etale covering of A"'(ci,..., Cm)- Hence HJ.(Z™) = 0 for 
i > 2m and Hf™(Z™) = ©N_xk_(ai) Q^(~ici). Consider now the decomposition in an open 
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and a closed subset: 


(3.10) 


^rm,f ryr\ 
^v,0 ^ ^ 


y: 


f ,0 




3.9 


shows that HJ.(Y™q \ Z™) = HJ. ^™(Y°’q \ Z°)(—m) and \ Z° can be iden- 


Lemma 

tified with the open subset C- \ 1V_ of the curve C- defined in the variables oq , cq . 


Lemma 3.8. In the long exact sequence for attached to (3.101 (cf. \M^ III §1 Remark 

1.30), the map 


H^(Z“) ^ H2“+i(Y(r6'\Z“) = 0Q,(-m)©V_(-m). 

N„ 


is surjective onto the first summand. 


Proof. By comparing the Frobenius-weights (which is possible due to Lemma 3.91 we see 
that the image is contained in the first summand. On the other hand, the natural projection 
induces a morphism between the corresponding long exact sequenceses for 
H*(-), which induces a commutative diagram relating Sm with <5^-1- Iterating this for all 
levels > 1, we obtain a commutative diagram: 

^ (-m) - H2“(Z“) H2“+1(Y“6' \ Z“) 


yN_xk_ 


yN. 


:H 2 (Z 0 ) 


<5o 


■Hi(C_\N_) 


This diagram shows the lemma. 


■ ©Ar_ Qi © 


□ 


The long exact sequence for H*(-) and Lemma 3.8 implies: 


(3.11) 


Hi(Y(r 6 ') = 


H‘(Z“) 

©Ar_ [©fe_(Qi) 

V-{—m) 
Qi{-m - 1) 

0 


if i < 2m 
—m)]^“i“° if i = 2m 

if i = 2m + 1 
if z = 2m + 2 
if z > 2m + 2, 


where = 0 means that we take the subspace of trace zero elements. Let ^ be the 
closed subspace of A^"'+^(ao, oi,..., Om, cq, ci,..., Cm-i) given by the same equations as 


Co = 0, Cq — ao A 0, Cg'*’^ = Og — oo and equations (3.91 for m' = 1,... ,77z. 


Let H = {c\ — Cl = 0} be a finite union of hyperplanes in the same affine space. Then 
Zm ^ X For m > 3 Lemma 

Tate twists): 


3.9 


ii) shows (here and until (3.151 we ignore 


(Z“-i \ H) = H0(“-2)(Z1 \ H) = . 


0 

© [( © 

N- X (ai) iot2,ci) 

© Qf 

N— X k— (cKi ) 


if z ^ 2m — 4 
© V+] if z = 2m — 3 

if z = 2m — 2, 


3.10 


shows Z 


m—1 


r^ H = 


because Z^-\H = ]_[ 7 v_xfc_(ai)(*^+-Y+)- Further, Lemma 

LJfe_(ai)xAf+(o!2 Cl) ^(1)”^ = and the index ( 1 ) indicates the shift in vari¬ 

ables given by 1-^ ai+2,Ci 1-^ a+i (forz ^ 1 ) and hence H;,(Z““^nH) = ©k_(ai)xN+(a2.ci) 


H‘(Z 02 ) 
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and, in particular, the top cohomology group of ^ n iJ is in degree 2m — 4 and is equal 
to 


H2m-4(z“-i n H) 


0 H^-4(Z02) 

k_(ai)xN+(a2,ci) 


0 0 

k_(ai)XN+( q; 2 ,ci) N_xk_(a 3 ) 


as follows from Lemma [3?7] (note the index shift ai 03 ). All these, the long exact sequence 
for H*(-) attached to 


^ n H, 

the analog of Lemma [3. 8 | for this sequence and Lemma [3.10| show that for m > 3 we have: 


(3.12) 

Hj,(Z“) = Hj,-2(Z“-i) 


'©..(c.,)xiv,(. 2 .cL H0(Z02) _ if ^ < 2 m - 2 

©Ar_xfc_(ai)xJV+(a2.ci)[©/c_(a3)° if i = 2m - 2 
©Ar_xfc„(ai)^+ ifi = 2 m-l 


^Af_xfc_(Qi) 


a i = 2 m. 


Note that jlA^+ = = q. Hence for m > 3, we have = {^N-)q and 

^ ((jfV_)g2i(g_x) for j e {1,2}. For one computes: H^(Z4) = ©N_xk_Qf 

and H).(Z4) = 0 if z 2 and 


(3.13) 


h{(z 2 ) = = \ 


0 ifz^2orz>5 

©Ar_xfc_(Qi) if * = 3 


l'Af_xfc_(Qi) 


if Z = 4. 


Let now m > 3. For j > 0, write j = 2[0fj + j', where j' = 1 if j odd, j' = 2 otherwise. 


Iterating (3.12) [©fj times, we get for all 0 < j < m: 


(3.14) 2(^1 J) ^ {]j,N_)q^\q - 1). 

(L 2 0 

where = Z™ using the index shift as above I times. Thus for all m ^ 1, j > 0: 


(3.15) 


^ 2 m+l-i(zm) = , 


m-)Q 

(ttlV_)g 20 -i)(g. 

0 


1 ) 


if j = 1 
if 1 < J ^ m 
otherwise. 


Combined with (3.11), this implies the dimension formula in the theorem. It remains to 
compute the Frobenius action. The Tate twists in the two top cohomology groups of 
can be deduced easily by relating FJ^ with . To prove the claim about Frobq 2 -action in 
degrees z ^ do — !> note that Frobg 2 acts on N- by (oq, cq) (oq, — cq). Further, let Z™ be 


the subvariety of A2 ™(ci, ...,Cm,Oi, • •., cLm) defined by m equations (3.8) for m' = 1,... ,m, 


i.e., Z™ = N_ X Z™, where N_ is seen as a discrete variety. Lemma 3.11 shows that Z} 


is a maximal variety over Fq 2 (for a definition cf. the paragraph preceding Lemma 3.11), 
i.e., Frobq 2 acts in HJ,(Zf‘) by {—iy{q‘^y^'^ = {—qy for any z e Z. Further we have for all 
2 ^ j ^ m: 
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H^‘’-^(Y“o) = H^+i-j(Y“o')(-(n- 1)) = H^+i-j(Z-)(-(n - 1)) 

(note that for j = 1, this remains true if one replaces the second equality by an inclusion, 


cf. (3.111). This implies the last statement of the theorem. 


□ 


Lemma 3.9. With notations as in the proof of Theorem 3.5 we have: 


(i) Let m > 1. The fibers of the natural projection n: Yffj' \ Z^‘ 


isomorphic to A^. We have: 


Y, 


m—l,f 


v,0 




H^(Y“o' \ Z“) = ff-2(Y“o\ Z“-i)(-l). 


v,0 


(ii) Let m > 3. The fibers of the natural projection Z™ ^ \ 77 —> Z^ ^ \ 77 are isomorphic 
to . We have: 

Hj,(Z“-i \ H) = Hj,-2(Z“-2 \ H)(-l). 

Proof of Lemma\3.9[ Let us prove part (i). The scheme Yf^j' \ Z™ is the closed subspace 


of {Yf^Q ' \ Z^ X AffarmCm) defined by the equation (3.7l. Letting a: be a point of 


‘ v,0 

\ Z'^~^, we see that the fiber of tt over x is given by the equation 
Y Cm /(®o(2^)) (®m ®m) T 

with ao(x) f k 2 the oo-coordinate of x and X{x) e k depending on x. Using the coordinate 
change = /(ao(a^))~’Qm — Cm, this equation can be rewritten as 

«m - /(ao)«"^am = (1 + f{ao{x))^~^)cm - X{x). 

As ao(x) f k 2 we have f{ao{x))^~^ A 0,-1 and hence the fiber of tt over x is isomorphic 
(over k) to the Artin-Schreier covering of A^(cm), hence is itself isomorphic to the affine 
line. This shows the first statement of the lemma. 

For the second statement, note that as the fibers of tt are = A^, we have R^7r,|,Q^ = 
Q£(—1) and R;j7r,fQ£ = 0 for j 2. This together with the spectral sequence 

H‘(Y“o-i’' \ Z“-S Rj ^ H‘+j(Y(ro' \ Z“) 

implies the second statement of part (i). Part (ii) of the lemma has a similar proof, using 
(3.91 instead of (3.7l. □ 


Lemma 3.10. With notations as in the proof of Theorem 3.5 for m ^ 3, we have Z"^ ^ n 

77 s; IJ IJ 

k-(ai) N+(a2,ci) 


Proof of Lemma\3.10 On the union of hyperplanes 77, the term (ci — c\ in the equa¬ 


tion (3.9) defining ^ over Z"^ ^ cancels, leaving the free variable c„ 

ai-2 for i ^ 3, Ci 


arising from it (after renaming the variables by a. 
simply the equation defining over The lemma follows from this observation. 


and the equation 
Ci_i for i > 2) is 
□ 


We recall the definition of maximal varieties from the introduction of |BW , where it 
appears in a similar setup. Let A be a scheme of finite type over a finite field Fg with Q 


elements. Let Frobg denote the Frobenius over Fg. By De Theorem 3.3.1, for each i and 
each eigenvalue a of Frobg in H),(X), there exists an integer i' ^ i, such that all complex 
conjugates of a have absolute value Q* Hence by Grothendieck-Lefschetz formula we get 
an upper bound on the number of points on X: 
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(3.16) 


ttX(FQ) = 2(-l)Hr(FrobQ;H‘(X)) ^ ^Q^/^h^X), 

ieZ ieZ 


where equality holds if and only if Frobg acts in HJ.(X) by the scalar (—for each 
i G Z. If this is the case, then X/Vq is called maximal. 


Lemma 3.11. Let Z™ 

variety over F^ 2 . 


be as in the proof of Theorem 3.5 


For m > 1, is a maximal 


Proof. Frobg 2 acts on H),(Z™) as an endomorphism with eigenvalnes being Weil nnmbers with 
absolute value {q^Y ^ From (3.161 we obtain the npper bound u{ZY',q'^) for 

the number of Fq 2 -points on 


ttzr(F,2) ^ u{ZY,q^) = 2 YK{zy). 


Using equation (3.151, we see that 
Zjj = 1 


i=0 

r,3m 


Oil the other hand, let Pi{c) = 
and let c, G Fg 2 for j = 1,...,to be given. Then we have Pi{cY = Piio), 


i.e., PiiicjY^i) 


Fq for all 1 ^ i ^ TO. 


Bnt the equation x‘^ + x = A G F^ has precisely 


q solutions in Fq 2 . Thns for each given point (ci,..., Cm) e A"‘(F^ 2 ), there are exactly g™ 
points in Z^ lying over it (cf. equation (3.8)). Thns ‘^ZYi^qY = which finishes the 
proof. □ 


3.5 Character subspaces 

We keep notations from Sections |3.ip.4| and dednce some corollaries from Theorem |3.5| 
Lemma 3.12. Let to 0. The on HJ.(Y™) factors through a T^j^m-o-ction. 


Proof. This is immediate as the action of Tw,m) on 

YfY = YfY’’ X A”“^(am+i,..., a„_i, Aq, ..., A^-i) (where FJ"’' is defined analogously to 
YfYY in the proof of theorem 3.5) comes from an action on A""^, which contributes to the 
cohomology of YfY only via a dimension shift. □ 


For an abelian (locally compact) group A, let A'' denote the group of (smooth) 
characters of A. By Lemma[3.12| we have a decomposition 


Q*-valued 


(3.17) H‘(Y“)= 0 H‘(Y“)M 


into isotypical components with respect to the action of Ty^ „i. 

Corollary 3.13. Let TO > 1 and 1 ^ j ^ to. Let x- Tyj^rn ^ Q* be a character. Then 
Frobq 2 acts in H))°“j(Y(f)[x] by multiplication with the scaZar x(—1)(—l)'^““lg‘^““l^ 


Proof. We have H).(Y™) = 0(k[t]/tm+i)* Hc(Y0) and Frobg 2 acts trivially on the index set 
of the direct snm, so it is enongh to stndy its action on H).(Y™g). With notations as in the 
proof of Theorem 3.5 we have for 1 < j ^ to: 


= H0+i-HYC:g')(-(n-l)) = H0+i-j(Z“)(-(n-l)) = (0Q,)®H0+iA(Z“)(-(n-l)), 

N_ 
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as Z™' = iV_ X where N- is seen as a disjoint union of points (for j = 1 this remains 
true if we replace the second equality by an inclusion, cf. (3.111). Now, Frobg 2 acts on iV_ 
by (ao,co) (oo,— cq) and in by the scalar (—l) 2 "*+i-lg 2 m+i-i^ Note that 

— 1 e T^^rn acts on 7V_ in the same way as Frobg 2 and trivially in Thus the 

eigenspaces for —1 and Frobq 2 coinside. There are only two such eigenspaces Ui and C/_i, 

scalar (±1)(— 

of X to /r 2 £ Then 


and Frobq 2 acts in U±i by the scalar (±1)(—1)^’"+^ jg 2 m+i j^ Now let x be the restriction 


H‘(Y“)[x] e HUY“)[x] = 

which proves the corollary. □ 

Let ^ denote the subgroup of of elements which are congruent 1 modulo f'. Let 
denote the set of all characters of which are non-trivial on We 

also need the following purity result. 

Corollary 3.14. Let m > 1. Let do = do{n,m). The finite etale morphism YJ” —> YJ” ^ x 
A^(Am-i) induces an isomorphism 

H‘(Y“o) - (Y“o-i X Ai(A^_i)) = 

for all i ^ do — m. If Tw,’m’^: then 

Hc(Y“)[x] = 0 for all i ^ do - m. 

Conversely, */x e ^ then H^o—(Y“)[x] = 0. 

Proof. The first statement follows directly from Theorem |3.5| by comparing dimensions. Let 
N = ker((fc[t]/t™+^)* ^ (fc[t]/t’”)*). The finite etale covering x A^(Am-i) 

factors as YJ" ^ ^ ^ x A^(Am-i), where the first morphism 

has Galois group Tyj^rnp The first statement of the corollary implies that the first 

morphism in this factorization induces an isomorphism in the cohomology for all i A do — m. 
The second statement of the corollary follows from it. If x is trivial on T.uj,m,o Tffimt then 


Hdo-m(Ym)[x] c Hdo-“([jY“-ixAi(A^_i)) = 0H^«-“-2(Y“-1) = 

N N N 

and the last group is 0 by Theorem |3.5| Hence the third statement of the corollary. □ 


3.6 Superbasic case 

Before going on, we make a digression and study the varieties (b) in the superbasic 
1 \ ^ t-^’" 


case b = 


t 


. Let X = 


2k + l 


and let x resp. Xm be the image of i in IF 


resp. in Dc,mix). Let u, u be as in (3.1). The group Jb(A) is the group of units D* of the 
quaternion algebra D over F. If Od are the integers of D, then Ud = Of) is a maximal 
compact subgroup of D* and D*/Ud = Z. Then Theorem 3.3(i) shows 

X,{b)= [J C„. 

D*/Ud 


The same arguments as used in the proof of Theorem 3.2 show that for m <2k one has: 


XZih)= U Y^ib), 

D*/Ud 
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where Y^{h) c (7™ is the closed subscheme given by equations 


D ^a{C){l — taa{a)) ^ = 1 

C~^a{D){\ — taa{a)) = 1 

B = Q. 

Again after eliminating D, it is defined in the coordinates a, C, A by 


(3.18) 


Ca{l — taa(a)) = (1 — taa(a))a^(C). 


An explicit comparison with results of Boyarchenko Bo 


who carried out the closely 
related construction of Lusztig for a division algebra over F of invariant ^ (for levels m = 1, 2, 


with a suggestion of how one can continue for higher levels) and Chen |Ch| (who then 
extended Boyarchenko’s results to all levels for the quaternion algebra) shows that the 
varieties defined in the quoted papers are very similar to varieties X™ (b) defined by 


(3.181, but do not coincide completely, at least due to the presence of the ’level zero equation’ 
Cq = 1 in our approach. Also note that level h > 2 in the quoted papers correspond to 
level TO = h — l^lin the present article. 


4 Representation theory of GL 2 {F) 


We continue to assume G = GL 2 throughout this section and keep the notations from 
Section [XT] and the beginning of Section [3?^ Let us collect some further important notation 
here. We try to keep it consistent with the notation in BH . The only major difference is 


that we write K (and not U = U^) for the maximal compact subgroup G{Of) of G{F). 
For A e X^{T) we write e T{L) for the image of the uniformizer t under A. For an 
element x e we mean by its t-adic valuation Vt{x) the least integer /r > 0, such 

that X e Moreover: 


• Z is the center of G{F) 

• E = k 2 {{t)) L is the unramified degree two extension of F 

• Um (resp. U'}!} for m > 1) denote the units (resp. the m-units) of a local field M 

• 9J1 = M 22 {Of) is an O^-algebra 


• K = G{Of) = 911* is a maximal compact subgroup of G{F) 

• AT* = 1 + t*®! for i > 0, and (A'*)°7 q defines a descending filtration of K by open 
normal subgroups 


• = KIK^+^ ^ G(C>fA™+^) 

• = K '^= 1 + t*91t/l + define a filtration on Km 

• Tw,mi Tw,m,o are as in the beginning of Section 3.3 and T)), as in the paragraph 

preceding Corollary |3.14| 


For a locally compact abelian group A, a Q^-vector space W with a right A-action and 
a -valued character x of A, we let W[x] be the maximal quotient of W, on which A acts 
by X (if ^ is compact, W finite dimensional, kF[x] is canonically isomorphic to the maximal 
y-isotypical subspace of W). A left G(F’)-action on W, which commutes with the A-action, 
induces a left G(F')-action on VF[x]. 
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4.1 Definitions and results 


Let le-E^ M 22 {L) be the embedding of F-algebras given by e diag(e, o'(e)). We have 
f'siU e)/= T^,m- Inflating the r^j^m-action to iE{UE) and pulling back via ie, we 
obtain an t/£;-action on The center Z of G{F) is F* , thus (as in the last lines 

of Section 2.2), the action of Ue on extends to an action of E* = F*Ue, which 

commutes with the left G'(F)-action. 

Let X be a non-trivial character of E* . The level £{x) of x is the least integer m > 0, 
such that xl( 7 "*+i i® trivial. Moreover, the pair {E/F,x) is said to be admissible ( 


BH 


18.2) 

if X do not factor through the norm Ng/p: E* —> F*. Two pairs {E/F, x), [E] xO are 
F-isomorphic, if there is some 7 e Ge/f such that x' = X° 1- Lot P“(F) denote the set 
of all isomorphism classes of admissible pairs over F attached to E/F. An admissible pair 
(E/F,x) is called minimal if xlc/™ do not factor through Np/p, where m is the level of x- 


Definition 4.1. Let x be a character of E* , such that {E/E, x) is admissible. The essential 
level £ess{x) of X is the smallest integer m' 5= 0, such that there is a character (j) of E* with 
(■{4’ex) = w', where (/e = 4>o Np/p. 


Clearly, t'ess(x) ^ ^ix)- Moreover, an admissible pair {E/E,x) is minimal if and only if 
£{x) = iessix)- Using the geometric constructions from last sections, we associate to any 
admissible pair {E/F,x) a G(F)-representation. 


3.5 


Definition 4.2. Let {E/E,x) be admissible. Let £{x) = to > ^ess(x) = 'm'. We take n > 0 
even such that 0 ^ to < n and let da{n,m) be as in Theorem 
G(F)-representation 

i?^ = HdoK“)—'(X“ (l),Q,)[x]. 


Define to be the 


One easily sees that this definition is independent of the choice of n (cf. Theorem 3.2 
and the definition of UJ"). To state our main result, we need some terminology from |BH| , 
which we will freely use here. In particular, the level £{tt) e of an irreducible G{F)- 
representation is defined in 


BH 12.6. Moreover, in 


20.1, 20.3 Lemma it is explained 
when an irreducible cuspidal representation tt of G{E) is called unramified. We denote by 
£/f^’^{F) the set of all isomorphism classes of irreducible cuspidal unramfied representations of 
G{E). This is a subset of the set s^^iE) of the isomorphism classes of all irreducible cuspidal 
representations of G{E) ( |BH| , §20). The (unramified part of the) tame parametrization 
theorem ( |BH| 20.2 Theorem) states the existence of a certain bijection (also for even q)\ 


(4.1) P”(F) ^ ^'■(F), {E/F, x) - 


we briefly recall this construction. Here is our main result. 

Theorem 4.3. Let {E/F,x) be an admissible pair. The representation is irreducible 
cuspidal, unramified, has level £{x) and central character x\f* ■ Moreover, R^ is isomorphic 
to TT^, i.e., the map 


where tt^ is a certain G(F)-representation constructed in (BH] §19. Below, in Section 4.6 


(4.2) 


R : P-(F) ^ . 2 / 2 “(F), {E/F, x) - F, 


is a bijection and coincides with the map from the tame parametrization theorem (4.1). 

The theorem will be proven at the end of Section |4.6| after the necessary preparations 
in Sections 4.2||4.6 are done. We wish to point out here, that the injectivity of (4.2) follows 
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from results of Section 4.4 and do not use the theory developed in |BH| , whereas to prove 
surjectivity of (4.21, we use the full machinery of |BH| . 

In the rest of this section, we only deal with the central character, reduce to the minimal 
case and introduce some further notation. For a character (j) of F* and a representation tt 
of G{F), we write (pn for the G'(F")-representation given hy g (p{det{g))Tr{g) and we let 
(pE = poN^/p be the corresponding character of E*. If ^ is a character of F* and {E/F, x) 
an admissible pair, then (4.1 \ satisfies: the central character of tt^ is x\f* and 
We have an analogous statement for R^. 


Lemma 4.4. Let (E/F,x) be admissible. Then the central character of is x\f* ■ If p is 
a character of F*, then pR^ = Rx4>e- 


Proof. The first statement follows from the definition of R^ as the x-isotypic component of 
some cohomology space, and the fact that the actions of F* = Z ^ G{F) and F* c E* 
in this cohomology space coincide as they already coincide on the level of varieties. The 
second statement follows by unraveling the definition of R^, using the natural isomorphism 
jjdo(n,m)-m ^ jjdo(n,A)-m for TO > A > m' from Theorem 3.5 and x\ 


^i?Xlker(NE/F) ’ 


ker(NE/F) 


□ 


We fix some notations for the rest of Section]^ Let {E/F,x) be a minimal pair, let 
TO be the level of x ^^nd write ig = do{n,m) — to. Let be the (disjoint) union of all 
^-translates of TJ". Note that YJ" is fixed by K, hence Y™ is fixed by ZK. Define the 
ZiL-representation by 


Then Theorem 13.21 shows 


‘X 


H‘“(Y“)[x]. 


R — c — Ind^^^^ " 

Moreover, let be the restriction of to K, i.e., is the unique extension of to ZK 
such that acts as Let denote the space in which 2^ (resp. acts. Note 

that is inflated from a representation of the finite group iXm = KjK'^^^, as acts 

trivially in the cohomology of YJ". 

Lemma 4.5. s Hj«(Y“)[x|uE]- 

Proof. Let VY be a Q^-vector space in which K acts on the left. Up on the right such that 
these actions commute. Let 


W[t] 


< ^ Wif ■. WiSW <■ 

feZ 

00«2«GO 


with obvious K and 17£;-actions. Extend them to ZK- resp. i?*-actions by letting t act 
as t.{YnWiP) = Then one checks that (IY[t])[x|[/E] = (^^[xIi/eDM and that 

the composed map IY[x|c/e] (^^^[xIc/e])W ^ (W^M)[x] is a bijection. Apply this to 
W = H)?(Y“) and W[t] ^c- Ind|^ W = Hb(Y“). □ 


4.2 Trace computations I: preliminaries 

Let (E/F,x) be a minimal pair of level m ^ 0. Via tp, x\ue induces a character of 
We denote this character of also by x- The context excludes any ambiguity. 

Lemma 4.6. We have x s i.e., x is non-trivial on Tfff^. 
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Proof. As {E/F,x) is minimal, xlker(NE/F: U”^U”) is non-trivial. The level of x is m, i.e., x 
is trivial on . Now we have via le, the norm map induces the map 

N: Ue/U^'^^ —> and moreover, det ole = N, where det: ^ (/c[t]/t™+^)* 

is the determinant. Now ker(det: ^ = Tw,m,o and x e if 

and only it is non-trivial on „j q This shows the lemma. □ 


In Section 4.1 we defined the i^m-representation Our goal in Sections EH ^will be 

to compute the trace of on some important subgroups of K.^. We will use the following 
trace formula from |Bo| , which is similar to |DL| Theorem 3.2 and is adapted to cover the 
situation with wild ramification. 


Lemma 4.7 ( |Bo| Lemma 2.12). Let X be a separated seheme of finite type over a finite 
field Fq with Q elements, on which a finite group A acts on the right. Let g . X ^ X he an 
automorphism of X, which commutes with the action of A. Let A —» be a character 
of A. Assume that H),(X)['0] = 0 for i A io o.^d Frobg acts on H)?(X)['0] by a scalar A e . 
Then 


Tr(5^H‘»(X)[V^]) 


A-ttA 


Yi ■ ttSg.r, 

reA 


where Sg^r = {x e A(Fq): g(FrobQ(a;)) = x ■ t}. 


We adapt this to our situation. Recall from (3.4) and Proposition 3.4 i) that FJ" 
parametrized by coordinates a e e A e with oq 

mod t ^ k. We use Lemma 4.7 with Q = and X = FJ". 


was 
= a 


Lemma 4.8. Let {E/F,x) « minimal pair and let g e K. Assume g acts on Yffi such 

that there is some rational expression p{g,a) e {k\t\/t'^'^^)* in a, such that g.(a,C,A) = 
{g.a,p{g,a) ■ C,g.A) on coordinates. LetreTyj^m- Then 


Tr(g*;Hj,«(Y“)) = ^ ^ xWttS^,,, 

^ reTw.m 

where Sgis the set of solutions in the variable a = a mod e k[t\/t'^'^^ (with oq e 
k \k) of the equations 


(4.3) 


a(a(a) — a)(a(a) — a) ^ 
g.a^(a) 


= -p(o-^(a),g) V 


Proof. First we claim that — l)g^'”j)S'(, One computes that g acts 

trivially on the coordinates Ag,..., A^-i (cf. (4.121). We observe that a point (a,c, A) e 
FJ”(fc) lies in Sg^r if and only if it satisfies the following equations: 


cj^{C)C-^ 

5 .cr^(a) 

p{a\a),g)-cj\C) 

a\A) 


cF{cj{a) — a){(T{a) — a) ^ mod 
a 

C-T 

A. 


Here Ag,... A^-i are ’free’ coordinates and contribute a factor q^ each. Also 0 ^+ 1 , ■ • •, On-i 
occur only in the second equation, and it is easy to see that each of them also contributes 
the factor q^. Finally, for a fixed a, the third equation has exactly — l)q^™' different 
solutions in C e (fc[t]/t"*+^)*, and we can eliminate C by putting the first and the third 
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equations together. Thus is equal to times the number of solutions 

of equations (4.31 in a G with r replaced by —r. This shows the claim. 

Now, Corollaries |3.13| and |3.14| show that the conditions of Lemma |4.7| are satisfied and 
the lemma follows from an easy computation involving the above claim. □ 


Definition 4.9. For x G GiPi./t'^^^) \ {1} the level of x is the maximal integer i{x) ^ 0, 
such that X = 1 mod The level of 1 is to + 1. 

This definition is auxiliary and will be used in the next two sections. Note that the level 
is invariant under conjugation in 


4.3 Trace computations II: iV^-action on 

We keep notations from Sections EM ^ Let further Nm c Km denote the subgroup 


iV„={(^ “ ) : xGfc[t]/t™+i|. 

For 0 ^ J ^ TO + 1, let denote the subgroup of Nm consisting of elements congruent to 1 

modulo t* and let denote the set of characters of Nm, which are non-trivial on Nm- 

Proposition 4.10. As Nm-representations one has 

= Indf"* 1 - Ind^^ 1 = 0 V' 


In particular, dimg V^ = {q— Ijg™. 


Proof. We claim that for g G Nm we have 


(4.4) 




g™+i - g"* if 5 = 1 
^ -g™ if5GiV-\{l}. 

0 iigfNflf 


The proposition follows from this claim by comparing the traces of the AV„-representations 
on the left and the right sides. We need the following lemma. Let Sg be as in Lemma 

Lemma 4.11. Let g G Nm of level £{g) ^ to + 1. Then S'g = 0, unless Vt{l — t) = £{g) 
and T ■ cr(T) = 1 in k 2 \t\/t'^'^^ ■ If both are satisfied, then 


4.8 


J (g — l)g^"*+^ if g = 1 (and hence T = 1), 
j^m+l+^( 3 ) ^fgeNm\{l}■ 


We postpone the proof of Lemma |4 .11 1 and finish the proof of our claim. For g = 1, we 
have S[ = 0 unless r = 1 and (jS'j = g™(g — 1). The claim follows immediately from 
Lemma 4.8 Let now g G Nm \ {1} of level £ = £{g) ^ to. Then Lemma 4.8 shows 




1 

r^m+l 


reT^ 


..oNTf, 


X{T)^S’g^., 


I] x{t) 
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the last equation being true as x is a non-trivial on Unless i = m, the sum in 

the last expression vanishes, as x is still a non-trivial character on If £ = m, 

we have = {!}, and (4.4) follows. □ 


Proof of Lemma \4-ll\ As both, the Tyj „r and the it'm-actions on UJ" have their origin in 
matrix multiplication, one sees easily that Sg^r = 0) unless det(T) = det(g). Thus we 

can assume this, i.e., Ta{T) = 1. Write 5 = ^ ^ 1 ) ^ with x e Then 

Vt{x) = £{g). The action of g can be describen by g.{a, C) = {a + x, C). By Definition, 
is the set of solutions of 


(4.5) 


a(a(a) — a)(a(a) — a) 


\a) + X = 


in a e with ag f k. Let s = a(a) — a. For a fixed s e (fc[t]/t’"+^)*, the equation 

a{a) — a= s in a has exactly solutions. After adding —cr(a) to both sides of the second 


equation in (4.5), this second equation gets (t(s) + x = —s. Thus we are reduced to solve 
the equations 


(4.6) cr(s) + X = —s 

a{s)s~^ = —T 

in the variable s e (fc[t]/t"*+^)*. Putting a{s) = —{x + s) into the second equation, we 
obtain 1 — r = —xs~^ and one checks that equations (|4.6[) are equivalent to 


(4.7) 


a{s) + X = 
1 — T = 


—s 


From the second equation of (4.71 and since s is must be a unit, we see that either S'g ^ = 0 


or ut(l — r) = Vt(x). Assume the second holds and let /i = Vt{x). If g, = m + 1, then 
g = 1, T = 1 and the lemma follows. Assume now 0 < p. < m -f 1. Then x = t^x for some 
X e and r = 1 + for some r e (fc 2 [t]/t"‘''"^“^)*. The condition Ta{T) = 1 

is equivalent to 


(4.8) 


f 4-cr(f)T(T(f)0 = 0 mod 


The second equation of (4.7) is equivalent to s = f ^x mod i.e., s is uniquely 


determined modulo Moreover, if s = r ^5; mod ^ we have 


a{s) + x + s = a{ 


T ^x) + x + f ^x = x {0 + a{f) ^ + f ^) = 0 mod 


where the last equation follows from (4.8). Thus s = t~^x mod is the unique 

solution of equation (4.71 modulo One easily sees that over any solution of the first 

equation of (4.71 modulo 0 lie precisely q solutions of it modulo 0+^. This shows that (4.71 
has precisely solutions if /x > 0. It remains to handle the case /x = 0, but this is done 
similarly to the case /x > 0. 

□ 
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Corollary 4.12. irreducible as -representation and hence also as 

Km-representation. 

Proof. For if e let denote the i/'-isotypic component of V^. By Proposition 


by ip^{g) = if{x~^gx). Then x.V^[ip^ c Let 0 7 ^ IF c be a B^Op/t'^^^)- 

invariant subspace. Then W decomposes as the sum of its TV^-isotypical components 1F[^] 
(if G and 1F['0] ^ F^['0]- As Fx[''/'] one-dimensional, 1F['0] is either 0 or equal to 

F^['0]. But as IF 7 ^ 0, there is a if, such that 1F['0] = F^['(/>]. Note that the natural action 
of T(Op/t'^^^) on Nff restricts to a transitive action on This transitivity implies 

that W[if] = V.^[if] for all if G i.e., IF = F^. □ 

4.4 Trace computations III: i^m-action on 

We keep notations from Sections |4.1| and |4.2| Let Hm c Km be a non-split torus, i.e., a 
subgroup which is conjugate to T.ui,m inside G(OL/t™‘'^^). Let Zm be the center of Km- 
One has Zm ^ Hm- We fix an isomorphism Cg: T,u^m ^ Hm, given by conjugation with 
s G G{k2[[tW), and let = Cs(Tl, m)- Let y = xocj^ and = X‘"ocj\ where y'" = yocr. 

Note that if s' g G(L) is another matrix conjugating Tyj^m into Hm, then CgCj"^ is either 
identity or a. In particular, up to cr-action, y do not depend on the choice of the element s. 

For a character if G Rff, let i(if) G {0,..., to + 1} be the smallest integer such that if 
coincides with y or y'^ on the subgroup Hm'^'^ (in particular, i(if) = 0 if and only if '0 = y 
or y'^). 

Theorem 4.13. Let if be a character of Hm- Then (gf,f,x)Hm ~ ^ unless = x\z„,- 

Assume if\z^ = x|z„- Then 


4.10 ^^[0] is one-dimensional. For x G T(Op/t'^^^), let 0^ be the character of Nm defined 




{ 1 if m — i(if) odd 
0 if m — i(if) even. 


We have an immediate consequence. 


Corollary 4.14. Let to > 0. The character y is up to a-conjugacy uniquely determined by 
among all characters of Hm as follows: it is the unique (up to a-conjugacy) character 
if G Hm, such that 01^^ is the central character of and 

(i) if m is odd: if occurs in and all characters if' A if, which coincide with if on 
ZmHm do not occur in 

(ii) if m is even: if do not occur in and all characters if' / if, which coincide with if 
on ZmHm occur in 


Proof of Theorem \4. LS\ liif\z„, 7 ^ yj^^, then (0, =0byLemma4.4 lfi(0) < to + 1. 


then if coincides with precisely one of the characters y, y*^ on Hm'^'^ and do not coincide 
with the other even on the last filtration step Hf)) (because y 7 ^ y'^ on T™m o)- To continue 
we need the following auxiliary notion. 


Definition 4.15. We say that x maximal if i(x) > i{zx) for all z e Z„ 


Lemma 4.16. Let x = 

t(x). 


Xi X2 
X3 X4 


G Hm \ {!}. Then x maximal if and only if Vt(x 3 ) = 


Proof. Assume first £ = £(x) > 0. Consider = cf^(x) G T^j^m and write = 1 + 
Tx/t^ + • • • + Tx^mf". One sees immediately that maximality of an element is invariant under 
conjugation, hence x is maximal if and only if Tx is, i.e., if and only if Tx/ f k. A computation 
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(using the fact that all entries of s must be units) shows that ^3 = t^u{Tx — cf{Tx)) with 
some unit u e The lemma follows in the case £{x) > 0. The case i{x) = 0 is 

similar. □ 


Proposition 4.17. Let x G be maximal of level £{x) ^ m. Then 

tr{x-,v^) = + r{x)). 

We postpone the proof of Proposition |4.17| and finish the proof of Theorem |4.13| Note 
that for X G Hjn,z e we have tr(zx;V^) = x(z)tr(a;; Let ijj he a. character of Hm 
with tp\zm = x\zm- Note that 


. n ii£^m 

{x G Hjn ■ max £{zx) = £] = \ 


zeZ„ 


if £ = m + 1 . 


As if\z^ = x\zrr, tr(z; V^f) = {q— l)q'^x{z) for z G Z^ by Lemma 4.11 we have 


(4.9) 




(<72 


1 

- I)g 2 ’« 


((g-l)V™ 


771 


+ Xj 

e=o 


where 


5 , = 2 f;ixMx;V^) = 


XI i’ix){x{x) + 

xeZ^Hi, \ 


for 0 ^ ^ m, by Proposition 4.17 For £ > 1 we have f,{ZmH^) = {q — l)q'^™ and we 

compute: 


and for 0 < £ < m: 


^0 


(_l)m+1^2m+l(-g 

^ (-1)™(9- l)q^"^ 
0 


1 ) if i{if) = 0 
if f(V') = 1 
otherwise, 


Si 


(-l)'"-^+i(g_ l)2g2™ 
, (_l)m-r(^_ l)^2m 
0 


if i{'ip) ^ £ 
if i^ip) = £ + 1 
otherwise, 


and 


Sm. = 


{—l)q^"^{q — l){q — 2 ) if i{if) ^ m 


2{q-l)q^ 


if i{ip) = rn + 1 . 


The theorem follows if we put these values into (4.9). 


□ 


Before proving Proposition |4.17| we introduce the following version of the characteristic 
polynomial of an element x e Km- Let £ = £{x) be the level of x. Let x be some lift of x to 
K. Then the characteristic polynomial of x can be seen as the function 


Px-Ol~^Ol a ps(A) = det(A • Id - x). 
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Note that px{UfJ c Let now Xe Uj^ and xi,X 2 two lifts of x to K. Then P 5 i(A) — 

P£ 2 W 6 i.e., Pi(A) modulo depends only on x, not on the lift x. This 

gives a well-defined map U[ Moreover, one immediately computes 

that this induces the following map defined as the composition: 


(4.10) p,:: ^ 


where the second arrow is multiplication by t Explicitly, if .^ > 0 and x 
£ ( yi j/2 


= 1 -f 


t 


ys j/4 


, then 


Pxil + Tt^) = (r - 2 /i)(f - Pa) - ?/22/3- 


Proof of Proposition RT77| We identify Ty^^m with by sending 

( , . ) to T. In particular, for x e and r e T!^ ^ we have the element Px(r) e 

V / 

fc[t]/(t™“^+^), where I is the level of x. Let S'^ ^ be as in Lemma 


4.8 


Lemma 4.18. Let x G maximal of level i = lix) ^ m. Let t g Tyj ^- Then S'^ ^ = 0, 

unless T G and det(r) = det(a:). For t g with det(r) = det(a;) we have: 


^S' 



if Px{t) = 0 and m — £ even 

qTn+t+l 

if PxiT) = 0 and m — £ odd 

0 

if Vt{px{T)) < CO is odd 

(g-f l)g™+^ 

if Vt{px{T)) < CO is even. 


We postpone the proof of Lemma |4.18| and finish the proof of Proposition |4.17| Let 
X G Hm be maximal of level £ ^ m and let = cj^{x) G T^ ,^. For / G {0,1,..., m — oo}, 
let 


T.if) 


{r G ^ -r^T^rOT a{r:r) mod } 


be the union of the two ker(r,(, q ^ e+j'-i inside „j in which and a{Tx) 

lie (note that these cosets are disjoint if j' > 0 and equal if j' = 0). Note that r G ra;(0) if 
and only if det(r) = det(a:) and r G 


Sublemma 4.19. For t g with det(T) = det(x) we have: r G Tx{j') o Vt{px{T)) > j'■ 


Proof of Sublemma \4.1^ Write t = 1 + t^r and Tx = cf^{x) = 1-1- t^fx- The characteristic 
polynomial is invariant under conjugation, hence Vt{px{T)) = vtipr^r)). Write Tx = l + t^Tx- 
As X (and hence also Tx) is maximal, fx—cr{fx) is a unit. We have Pr^ (r) = (f—fx)(f—a(fx)). 
Thus Vt{px{T)) ^ j' T = Tx mod P or f = cr{fx) mod P . The sublemma follows. □ 


By Lemma [T8| and the first statement of Lemma[4.18| we have: 
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(4.11) tr(a;;14) = Xl 


reT^^rn 

det(r)=det(a:) 


m—i 


r>m + l 


( XI X{T)‘iS'^^r + X X X{T)‘iS'^,r)- 


T€Tj:( 0 O) 


Write Lemma 


4.18 


l' = 0 r€T,(/) 

implies for 0 < j' < m — i: 


X X('r)tt5'x,r = (x(a;) + x'^ix)) ■ (const) 

= ixix) + x'^ix)) ■ (const) 


X 




X x(r) = 0 


and similarly X;T€Ta:(o) x(x)^S (.,. = 0 as y is non-trivial on ker(T^ mO ^ Tw,i+j',o) (one has 

to apply this twice). Farther, if m — is odd, then S'(, ^ is empty for r e Tx(m — ^) \ Tx(co), 
hence in this case Lemma [4.18| implies: 

tr(a;; V^) = X xMtt-S'^,,^ = q‘^(x(Tx) + x'"(tx))- 

® reT^ioo) 

If TO — £ is even, then 


tr(a;; V^) 


^ X x(r)r+^+(x(r.)+x"(r,)) X x(r)(g + 1)?™+^ 

\TeT^(co) X {1} 

-q\x(Tx) + X'"(xx))- 


This finishes the proof of Proposition 4.17 


□ 


Proof of Lemma \4-l^ Let x e Hm be maximal of level £ ^ to and let Tx = c“^(a:). Let 
T e Tw^m- From the definition of one immediately dednces that S'^ .^ = 0, nnless 
det(a:) = det(T), i.e., t e = Lx(0). Hence we can assnme TCT(r) = det(x). Write 

X = ( x^ ^2 j A. point of y™ is parametrized by the coordinates a, C and A as above. 

\ X3 Xi J 

One computes: 


(4.12) 


^.{u,C.A) . (x.a.x.C,x.,4) - yi° + »-2/et(^)C _ 

x^a + X4 x^a + X4 


By Lemma 4.8 iS(. ^ is the number of solutions of equations (4.31 in the variable a G 


fc[t]/£™+^ (satisfying oq f k). Explicitly, these equations are: 

Xia'^(a)+X2 = a(x3aa'^(a) + X4) 

(a^(a) — a(a))(T(T) = —(x 3 a‘^(a)+X 4 )(a(a)—a). 


Inserting the first equation into the second and applying cr ^ to the result, we see that the 
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equations are equivalent to 


(4.13) 

(4.14) 


a;30cr^(a) — a;i(T^(a) + X4a — a;2 = 0 

2:30(7(0 ) + (t — a;i)cr(a) — (r — 0:4)0 — a;2 = 0. 


Sublemma 4.20. Fori > 1, there are precisely solutions of equation (4.13) modulo 


lying over a given solution (satisfying a^fk) of (4.13) modulo F. 


Proof. Write a = X;j=o ^ Sj=o ^>' 3 - coefficient of t* on the right side of (4.131 

modulo is 


(4.15) 


(xsoOo - xio)a( + (x30Oq + X4o)aj + R, 


where R B k depends only on og,..., o^-i and x and not on o^. As qq f k and x e G(k), it 

2 j_I 

is clear that X 30 O 0 — xio A 0 and 2:3000 + X 40 A 0. Thus (4.151 is a separable polynomial in 
Oi of degree q^, i.e., it has exactly q^ different roots. □ 


Now we concentrate on the case .£ > 0, i.e., x = 1 + 


i( yi V 2 
2/3 2/4 


. Equation (4.14) modulo 


t^ shows (r — 1)(t(o) = (t — l)o mod t^. If t ^ 1 mod then this forces oq e k, which 
contradicts {a,c,A) e FJ”. Hence S(. .^ = 0, unless r e Assume r e and 

T = 1 + rt^, with some f e k 2 [f]/t'^'^^~^. Note that the condition det( 2 :) = det(r) satisfied 
by x, T is equivalent to 


( 4 . 16 ) 2/1 + 2/4 + (2/1^4 - 2/22/3)^^ = ^ + o-(^) + mod t"" 


Equations (4.13) and (4.14) transform to 


(4.17) t^(y3ao-^(a) - j/i(T^(a) + 2/40 - 2 / 2 ) = (7^(a) - o 

(4.18) 2 / 30 ( 7 ( 0 ) + (f-j/i)(T(a) - (f- 2 / 4 ) 0-?/2 = 0 mod 2™“^+^ 


Sublemma 4.20 shows that the number of solutions of (4.17), (4.18) is equal to q^^ times the 


number of solutions of (4.17) and (4.18) mod . 

Let us write Q = Px{x) with p^ as in (4.10). A computation involving (4.16) implies 

(4.19) 7 + o( 7 )- 2 /i- 2/4 = tV-iQ mod 

Sublemma 4.16 


(lilTf, 

o = ( 7 ^( 6 ) — b): 


allows us to make the linear change of variables a = b — and equations 
modulo take the following form (using (|4.19 ) and the fact that ( 7 ^(a) — 


(4.20) t^ {ysba^l^b) — fa‘^{b) — (t^r — (j{f))b + 2/3 ^Q) = cr^ib) — b mod 

(4.21) y’ibaiff) — t^T~^Qb F yf^Q = 0 mod 2'”“^"'"^. 


Write b = ■ We have three cases: Vt{Q) = 00 , Vt{Q) < 00 odd, Vt{Q) < 00 even. 

Assume first Vt{Q) = 00 , i.e., Q = 0. Then ( |4.21 ) is equivalent to 60 = 61 = • • • = by m.-t. ^ = 0. 

As 6 = 0 is also a solution of (4.20) mod J+i^ it follows from Sublemma 4.16 that 
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the number of solutions of (4.201 and (4.211 mod is exactly ^nd 

the lemma follows in this case, once we have shown that no of these solutions lies in the 
’forbidden’ subset, determined by oq g k. This is done in Sublemma 4.21|below. 


Now assume Vt{Q) < oo. Equation (4.211 shows that we must have Vt{Q) = 2vt{b). In 


particular, = 0 if Vt{Q) is odd. Assume Vt{Q) = 2j < co is even and write Q = t^^Q'. 
Then b G solves if and only if 5 = Pb' (i.e., bo = ■ ■ ■ = = 0) and 


b' = solves 


(4.22) 


yob'a{b') — T "'Q'b'+ y^^Q'= 0 mod 




Note that such a solution b' is necessarily a unit. Using this, we can express cr{b') in terms 


of b', apply a to it, and then insert again the expression of a(b') in (4.22). This shows: 




a(Q') 


— + 2 / 3 -H^+ 0 (r-iQ') (mod 


^ - y3t<^+^T-^Q' 

which multiplied by P gives an expression of a'^ib) mod in terms of b'. Now 

a (very ugly, but straightforward) computation shows that if we put this expression for 


(7^(5) into equation (4.20) modulo we obtain the tautological equation 0 = 0. 

This simply means that any solution b of (4.21) mod jg a solution of (4.20) 

mod Similarly as in Sublemma 4.20 one checks that (4.21) modulo 


has precisely {q+ l)q^ ^ solutions (g + 1 corresponds to the freedom of choosing bj and 
qm-£- 2 j corresponds to the freedom of choosing bj+i, ■ ■ ■ ,bm-t-j)- Again by Sublemma 
EH the lemma also follows in this case, once we have shown that no of these solutions lie 
in the ’forbidden’ subset, determined by oq G A:. This is done in Sublemma |4. 21 [ 

In the case £{x) = 0, the lemma can be proven in the same way. □ 


Sublemma 4.21. With notations as in the proof of Lemma ^.18. assume t e T:^ 


det(T) = det(a;). Let a be a solution of equations (4.13), (4.14), then oq f k. 


and 


Proof of Sublemma \4-.21\ For any r 5= 1 and an element X e k[f]/{P), denote by Xq e k the 
reduction of X modulo t. Write = cj^{x) G We handle the case £ > 0 first. Write 


r = 1 + tP, Tj, = 1 + Tx^£p + .... As a is a solution of (4.13), (4.14), b = a + is a 


solution of (4.20), ( |4.21[ ). We have oq = bo — . 

Assume first Vt{Q) > 0. Maximality of x (and hence of Tx) implies Tx/ f k. Now, 
’^tiQ) = VtiPxiT)) > 0 is equivalent to tq = Tx^e or = (j{tx/) mod t. Hence tq f k. On the 
other hand, the solution b must satisfy &o = 0 and we have j/io, yoo ^ k. As fo ^ A: we obtain 
Oq f k. 

Now assume Vt{Q) = 0 and suppose that oq g k, i.e., Oq = oq. Then for bo we must have: 


(4.23) 


bl = bo+ 

2/30 


Putting this into equation (4.21) mod t, we deduce that bo must satisfy 


(4.24) 


1,2 


bo H^ — 0, 

2/30 2/30 


where Qo = (to — Tx^e){To — cr(Txj)). By assumption we have det(Ta;) = det(a;) = det(r) 
mod hence 
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( 4 . 25 ) 


fo + cr{To) = Tx^e + (j{tx,i). 


Assume first char(fc) > 2 . A computation shows that the discriminant of equation (4.241 
is D = y 3 o{cr{Tx/) — Tx/)"^ and hence the solutions of it are 


^o.± = 




2y3o 


A) j 


'^X,i 


22/30 


Putting any of this solutions into equation (4.23) shows Tx,e = o'{tx/), which is a contradic¬ 
tion to maximality of x. This finishes the proof in the case char(/c) > 2. 

Assume now char(fc) = 2. Let y = . Then y, e k. Further, (4.25) shows /r A 0 


(otherwise, Tx i B k, which is a contradiction to maximality of x). Set also S = P° 2 . Note 
that by ( 4.25[ ), Qo e k and hence also S e k. Make the change of variables bg = /rs, i.e., bg 
satisfies (4.24[), (4.23) if and only if s satisfies 


s'^ + s + 1 = 0 

-f s 4- (5 = 0 . 


The second of these equations implies s'J = s 4- Tr^/p^ ((5). This together with the first 


equation implies Trk/p 2 (' 5 ) = 1- the other hand, let R = . Using ( |4.25[ ), we see 


that 


' x,£ 




iTx,i + 


This implies Trk/p 2 ('^) = 0) which is a contradiction. This proves the lemma in the case 
char(A:) = 2 . 

Let us now consider the case £{x) = 0. By maximality of x, we have x^ e {k\t\/V)*. 
If char(A:) > 2, the variable change a = b — x'^^{t — xi) analogous to the one in the case 
£(x) > 0 leads to a very similar proof. Assume char(A:) = 2 . We have to show that equations 


(4.14) mod t and Ug = qq do not have a common solution. Let 


A = 0:30 (a:io -f a;4o) = 3^30 (t^^q + Tx,o), 

Then A'^ = A and A A 0 by maximality of x. Make the change of variables given by 
oq = Ar 4- a:;^Q^a;io. Then Og = oq transforms into r'^ = r and (4.14) gets (after using r‘^ = r 
and cancelling) 


or equivalently 


a^ 3 oA^r^ 4- xsoX^r + x^q det(x) = 0, 


r 4- r 4- 


9+1 

'x,0 


+ Tx,o) 


= 0 . 


We have to show that this equation has no solution in k. But observe that the two solutions of 
it are given by , ^( 4 ° — and q ^( 4 ° — lie in ^2 \ fc (note that they are different by maximality 

, 0 ' ® "^x , 0 ' ® 

of x). This finishes the proof also in this case. □ 


4.5 Relation to strata 


We will freely use the terminology of intertwining from BH 
inducing data from f 


Chapter 4. From results of Section 


§11 and of strata and cuspidal 
4.3 we deduce that is 
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irreducible, cuspidal and contains an unramified stratum. First we have the following general 
result. 


Proposition 4.22. Let m > 0 and let S be a ZK-representation, which restriction to 
K is the inflation of an irreducible Km-representation which do not contain the trivial 
character on Then the G{F) -representation = c — Ind^^^ S is irreducible, cuspidal 
and admissible. If m > 0, it contains an unramified simple stratum (fOl, m, a) for some 
a e t~"^Wl. Moreover, = w and IIh do not contain an essentially scalar stratum. In 

particular, for any character (jj of F*, one has 0 < .^(112) ^ ^(^11=). 

Corollary 4.23. Let {E/F, x) be a minimal pair, such that x has level m > 0. The represen¬ 
tation Ry. is irreducible, cuspidal and admissible. Assume m > 0. Then the representation 
contains an unramified simple stratum. In particular, i{Rx) = in o,nd R^ is unramified. 
Moreover, for any character f of F*, one has 0 < i{Rx) ^ ^i4’Rx)- 


Proof. All assumptions of Proposition 4.22 are satisfied for the ZAT-representation :^x and 


the corresponding AT^^-representation by Corollary 4.12 and Proposition 4.10 


□ 


Proof of Proposition \4-2S\ Irreducibility and cuspidality of follow from |BH| Theorem 
11.4, which assumptions are satisfied due to irreducibility of S and Lemma |4.24[ Then 
admissibility follows from irreducibility (cf. e.g. |BH| 10.2 Corollary). Now assume m > 0. 
To contain a stratum is a priori defined with respect to a choice of an additive character. So 
fix some ip e F'^ of level 1 (i.e., V’Iof non-trivial, ip\tOF trivial). Then |BH| 12.5 Proposition 
gives us an isomorphism (here we use m > 0): 


where ipa is given by ipa{x) = ip{iT:'^{a{x — 1))), where trgji is the trace map DJt —> Op. 

Explicitly, if a = t"™ ( “Me and a; = 1 + e AT™, then 

\ as 04 J \ Xs X4 J 


(4.26) 


tpaix) = 1 p{aiXi + 02^3 + 03X2 + 04X4). 


We show that contains an unramified simple stratum. Therefore, note that 
contains the inflation to AT of the Aim-representation Thus it is enough to show that for 
any a e t~^dJl, such that ipa is contained in ^ on AT™, the stratum (9H, to, a) is unramified 
simple. As in BH 13.2, for a e <“”*911 we can write a = <“”*ao with ag e DJt and let 


fa{T) G Of\T^ be the characteristic polynomial of ap. Let fa{T) be its reduction modulo 
t. By definition, (911, to, a) is unramified simple if and only if fa(T) is irreducible in k[T], 
or equivalently, if and only if ao mod t G G{k) is not triangularizable. 

Let now a = <“"*ao be arbitrary such that ^ contains ipa. on AT™. It is enough to 
show that ao mod t is not triangularizable. Suppose it is. Then there is some /3 = 
Pi P2 


t 


0 P 4 


t "*911 such that gag ^ = P mod t ”*+^911, i.e., V’gag-i and ipp co¬ 


incide on Kff. By Lemma 4.25 ipp also occurs in ^ on AT” 
the trivial character of NP 


and (4.261 shows that tpplN:^ is 


This is a contradiction to our assumption that ^ do not con¬ 
tain the trivial character on NIP. This contradiction shows that 11- contains an unramified 


simple stratum. As an unramified simple stratum is fundamental, |BH| 12.9 Theorem shows 
that ^(IIh) = TO. 

Suppose now (911, to', a') is some essentially scalar stratum contained in n^. It has to 
intertwine with the previously found unramified simple stratum (911, to, a) contained in IIh 
( cf. |BH| 12.9). As essentially scalar strata are fundamental, |BH] 12.9 Lemma 2 implies to' = 
TO. But in this case the above argumentation shows that (911, to, a') is unramified simple 
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and hence not essentially scalar. Finally, Theorem BH 13.3 implies the last statement of 
the proposition. □ 


Lemma 4.24. Let ^ he a ZK-representation, which restriction to K is an inflation of 
a Km-representation which do not contain the trivial character on Nff. An element 
g e G{F) intertwines S if and only if g B ZK. 


Proof. The property of intertwining only depend on the double coset ZKgZK of g. By 
Cartan decomposition, a set of representatives of these cosets is given by the diagonal ma- 
= : a G (cf. e.g. 


trices {wo 


BH 


it is enough to check that if a > 0, then m 
ZK n '^°‘{ZK) = ZK n maZKmffl contains the subgroup fV"* = 

S do not contain the trivial character, and on the other hand we have 


7.2.2). Obviously, toq = 1 intertwines S, so 
do not intertwine S. Assume a > 0. Then 
1 t'^Op 
1 


on which 


1 


9 

1 


= ^{m 


-1 

a 


1 



Kg 

1 


i.e., restricted to N'^ is the trivial representation (as a > 0 and is trivial on K'^^^). 
Hence 


Horn 






77 mrv 77 


) c Homjvm(. 


77 rricy 77 


) = 0 . 


□ 


Lemma 4.25. Let a B t g G K. Lf if a occurs in f, on Kff, then ifgag-^ occurs in ^ on 

Km 

m 

Proof. For x G Kff one has: 

^gag-i(a:) = if{trm{ 9 ag~^{x-l))) = ijj{tim{ag~^{x-l)g)) = ilj{tr<m{a{ 9 ~^xg-l))) = ipa{g~^xg). 

Let V denote the space in which f acts. For simplicity we write x.v instead of ^(a;)('u) 
for x G Km,v G V. Let v e V, such that x.v = ifa{x)v for all x G Kff. Then for all x G AT™ 
we have: 

g~^x.{g.v) = g~^xg.v = ipa{ 9 ~^xg)v = ijjgag--i{x)v. 

Thus x.{g.v) = ifgag-^{x){g.v), i.e., on the linear span of g.v any element x G AT™ acts as 
the scalar ijjgag~^{x). In particular, V'gog-i occurs in ^ on AT™. □ 


4.6 Relation to cuspidal inducing data 


Now we want to compare our construction to the construction in BH §19 of representations 


attached to minimal pairs. For the convenience of the reader and to have appropriate 
notations, we briefly recall their set up ( |BH| §15,§19). Let ip be some fixed (additive) 
character of F of level one. Let ifp = '0 ° '0ajt = if o trjot- Let {E/F, x) be a minimal 

pair. Let m > 0 be the level of y. Let a G pfF be such that x(l + x) = ifpictx) for 
X G Choose an F-embedding E ^ M 22 {E) such that E* c ZK (not to be confused 


with le from the beginning of Section 4.11. Then (911, m, a) is an unramifled simple stratum. 
Let then 


Ja = E^K^"^^ 

be an open subgroup of ZK. Moreover, via the embedding of E into M 22 (F), a defines 


( BH 12.5) a character if a of ATL™ 1+^, which is trivial on AT^^^ (thus inducing a character 
of Km''^^). Let C(ifa, 911) be the set of isomorphism classes of all irreducible representations 
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15.3 


A of Ja, such that A contains the character tpa on ATLTJ+i, or equivalently (by BH 
Theorem), A|^[mj+i is a multiple of ipa- 

For any A e the triple (911, Jq-, A) is a (in our case, unramified) cuspi¬ 

dal type in G{F) in the sense of |BH| 15.5 Definition. An equivalent reformulation is 
given in terms of cuspidal inducing data ( |BH| 15.8): the cuspidal inducing datum at¬ 
tached to (nH, Ja,A) is the pair (9)1, S), where S = Indf^ A. The G(F)-representation 
c — Indjj^^ A = c — Ind^^^ S attached to (9)1, Jq,, A), resp. to (9)1, S) is then irreducible 
and cuspidal. 

Out of the given minimal pair (E/F,x) one constructs now the representation A of J^, 
and thus gets a corresponding cuspidal type. We have two different cases. 

Case m odd. ( 


by 


BH 


19.3) Then [yj + 1 = Let A be the character of Jq, defined 


(4.27) 


-^1 + ^ I '4^cn A|^hs X 


'K 


Case TO > 0 even. ( 


BH 


(this is a consistent definition, as one sees from trOTloe = ^'^e\ob^ r\ 2 J = ^ j. 

15.6, 19.4) Let J^ = 


Then 2 Let 9 be the character of defined (as in the odd case) by 


9{ux) = x{u)ipa{x), n e Ujj, a; e 2 J+1. 

Let r] be the unique irreducible (g-dimensional) jQ-representation containing 9. Let pLM 
denote the group of roots unity of a field M and let fj be the unique irreducible representation 
of ple/p^f IX Jq such that fj\ji = rj and trr 7 (Cu) = —9{u) for all u e e pe/pf \ {!}• 

Then fj factors through a representation oi pe/pf ^ '^Q/ker(6>). Let e be the representation 
of E* K J^/ker(0) which arises by inflation from fj via the surjection induced by E* 
E*/E*U^ = pe/pf- Let x be the character of E* x J^/ker(6*), which is x o'!! trivial 

on J^/ker(6*). Define the E* x j^/ker(0)-representation K = x® v. It factors through the 
surjection E* x J^/ker(0) -» jQ/ker(0), (e,j) 1-^ ej mod ker(0), hence it is an inflation of 
a representation Ai of jQ/ker(0). Take A to be the inflation of Ai to Jq. 

Let then in both cases (9)1,0;^) be the corresponding cuspidal inducing datum, i.e.. 


(4.28) ©x = Indff A. 

Thus we attached a cuspidal inducing datum to x now the G(F')-representation from 
is defined in |BH] 19.4.2 as 

F^ = c — Ind^^^ 0;^ = c — Indj^^'^^ A. 

Proposition 4.26. Let {E/F,x) be a minimal pair. Then = tt^. 

Using Proposition |4.26l we can prove our main result. 


(4. 


Proof of Theorem \4.3\ By Lemma |4.4| we can assume that {E/F,x) is minimal in the first 
statement of the theorem. If i{x) = 0, then the first statement follows essentially from 
Theorem l.l(i). If £{x) > 0, then the first statement follows from Corollary 4.23 and the 
part about the central character follows from Lemma |4.4[ 

(along with the fact that (jjF^ = 


To show = Fy_ we can assume by Lemma 


4.4 


that {E/F,x) is minimal. Then = f^ follows from Proposition 4.26 Now bijectivity of 
(4.21 follows from bijectivity of (4.11. □ 
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Proof of Proposition 14 Let m be the level of x- If to = 0, the proposition follows essen¬ 
tially from 1^ Theorem l.l(i) and |BH| 19.1. Assume to > 0. The unramified representation 
Ry, is induced from the cuspidal inducing datum {ZK,Eyf). As the map ( |4.1[ ) in the tame 
parametrization theorem is surjective, there is some character x' such that {E/F, x') is min¬ 
imal and = TT^/. By Corollary 4.23 i(x') = One deduces = 0^/ (e.g. by the 


same reasoning as in the proof of Lemma 4.24[ ). We have to show that X = or y = (xO"^- 
A comparison of the central characters shows xIj’* = x'\f*- Thus it remains to show that 
x\ue = x!\ue oi' x\ue — {x!Y\ue- The AT-representation is inflated from the Km- 

representation Note that the image of Ue in is a non-split torus Hm, as considered 
Thus xIue^X'^Iue iLe unique characters among all L^g-characters of 


in Theorem 4.13 


level TO, which satisfy condition (i) resp. (ii) of Corollary 4.14 if to odd resp. even. Thus it 
is enough to show that characterizes x'\ue iLe same way. This is the content of 

Lemma 14.271 □ 

Lemma 4.27. Let x be a character of E* of level to > 0 such that (E/F,x) is a minimal 
pair. 

(i) If m is odd, the representation 0^^ = IndA (cf. (4.28 contains the character x 


on E* (exactly once) and do not contain all the characters x' of E*, which satisfy 
x'\ue ^ x\ue and x'\f*uI = x\F*uf- 

(ii) Ifm is even, the representation 0^ = Indf^ A (cf. (4.28 )) do not contain the character 
X on E* and it contains all the characters x' of E*, which satisfy x'\ue x\ue ond 
x!\f*uI. ^ x\f*uI.- 

Proof. Let first to > 0 be arbitrary and let x' be a character of E*, satisfying x'\F*uf = 
x\f*uI,- Mackey formula and Frobenius reciprocity show: 

HomsH=(x',0x) = 0 Homi5*„sj„(x',®A). 

g(iE*\ZK/J,„ 

Let g e ZK. We claim that Hom£;*r^s(x^®A) = 0, unless g e J^- Indeed, we have 
E* n 2 and Aj^i^j+i is a multiple of ifa, hence ®A|^[^j+i is a multiple of 

ifg-^ag- Moreover, x'| i^J+i = xLl^J+i = V'a- Thus if Hom^;*^!;(x'>®A) 7 ^ 0, then g 

^ RT ^ RT 


4.28 


shows our claim. 


normalizes the character ifci of Thus Proposition 

The claim implies that Hom^* (x^ 0;,(;) = Hom^*(x^A). In particular, if to is odd, 
we are ready, because then A is one-dimensional and Aj^;* = x- Assume to is even. By 
construction, A arises by an inflation process from the E* « j\/ ker(0)-representation A = 
X®v, where x agrees with x on E* and is trivial on J^/ker(0). So, it is enough to prove 
the following claim: v\e* do not contain the trivial character of Ue, but it contains all 
non-trivial characters of C/^, which are trivial on UeU)^. The restriction of v to E* is the 
inflation via E* E*/F*U)^ = ple/p-f of the restriction to pe/pf of the pe/pf x Ja~ 
representation fje. In particular, is trivial. Now 

Velg.E/uF = ^(iSg.E/nF and the claim follows. 


BH 


19.4 Proposition shows that 

□ 


The following proposition is an improvement of a part of the Intertwining theorem IB HI 


15.1. Also Lemma |4.29| below improves |BH] Lemma 16.2 

Proposit 

if g G Jq,. 


Proposition 4.28. Let g e ZK. Then g normalizes the character tpa ofu\l if and only 


Proof. We can assume g e K. Let X be the appropriate quotient of t '^iXfllt such 

that the following diagram commutes 
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(4.29) 




iu'. 


/uT^r 


where the upper horizontal map is a ipa with as in BH 12.5, and the right vertical 
map is restriction of characters. Let Y dJl he such that t~'^Y c is the preimage in 

of the kernel of the left vertical map. Then g normalizes 'i/'al if and only if the 

images of g~^ag and a in X coincide, i.e., if the following equation holds true in 


9 ^otg 


= a modt"L^iiX)t + t"'"y. 
Then the result follows from Lemma 


4.29 


applied to k= 


□ 


Lemma 4.29. Write a = t With notations as in the proof of Proposition J^.28 for 

n+ 

2 


any 1 ^ fc ^ have 


(4.30) 


g ^aog = ao mod t^VJl + Y 


in dJl if and only of g e Ue + 


Proof. The ’if’ part is immediate. To prove the other part, we use induction on k (as in BH 
16.2 Lemma). Let k ^ 2 and assume (4.301. By induction hypothesis, g e Ue + We 

can write g = ( 7 i(l + t^~^ge) with gi G Ue- Thus (as ao e Oe) we obtain from (4.301: 


^ao5o = ^5 oQ:o niod UtPSl + Y. 


j.k-1 




Thus U~^{aQgo — goag) = y + t^m g 911 for some y e Y, m e iXfl. We deduce y = t 
with y' e iXft and ao5o ~ <?o«o = u' + tkn. We claim that y' e Y + ttffl. Indeed, this claim is 
equivalent to ip^-myi\jjmiEm+i = 1. But for u G 911 we have: 

+ f^u) = ilj{trm{y'u)) = ipt-rr.y{l + 1™“ u) = 1, 

where the last equality holds as long m — (k — 1) > [^J + 1, or equivalently, k ^ 
which is satisfied by assumption of the Lemma. This shows our claim. From it we deduce 
aogo = gooo mod Y + tWl, i.e., by induction hypothesis, go G Oe + tWl. Thus we are 
reduced to the case k = 1. We handle this case explicitly. The result remains unaffected if 
we replace the embedding j: E ^ M 2 {F) by a conjugate one. As all such embeddings are 
G'(F)-conjugate, we can assume that j{OE) mod t c 911/1911 is generated as a fc-algebra by a 


matrix 13 = 


-b 


for some a,b e k such that the characteristic polynomial + aT + b 


is irreducible in k[T] (cf. e.g. |BH| 5.3). Then a = t ’"ao with ao mod t = x + y3 for 
some x,y e k and J^Oe) = Of\oio^- After adding and multiplying by some central elements 


(which do not affect the condition 4.301, we can assume that either char(fc) > 2 and there 

1 


is a H G fc* \ such that ao = 


D 


and or that char(fc) = 2 and there is a H G fc 


such that + T + D e k[T] is irreducible and ao = 


1 


D 

1 


. We have to show that if 


g e K and (4.301 holds for g, ao and k = 1, then g G Oe + tfXft. 


35 














Assume first char(fc) > 2 . 
isomorphism 


The upper horizontal map in diagram (4.291 induces the 




which shows that 

Y + tm/m = : P e and - 1))) = 1 for all e e 1 + t'^OE}ltm. 

- ‘{-%D -B. 


(the last equality is an easy computation). Now let g = ( ) G Gik) (we can work 

93 94 


modulo t). Then condition (4.301 translates into 


1 f 9394 - 9192 D -glD + gl 


.,-1, 


det{g) V glD - gl gigiD - g^g^ 
for some G k. In particular, we must have 


D 


+ 


Bi B 2 
—BoD —Bi 


id^)i94-9^D) = 1 + B2 
\ldupi9lD-gl) = il-B2)D. 

Computing B 2 from the first equation and inserting it in the second, gives us 


det( 5 ) 


(ffj ” 53 - 92D^ + 9iD) = 2D, 


which is equivalent to 


^(51 -94)^ = {93- 92 Df. 

If both side are non-zero, on the left side we have a non-square in fc* and on the right side 
we have a square, which is a contradiction. Thus both sides are zero, i.e. gi = ( 74 , (73 = g 2 D, 
i.e., g G Ue mod t, finishing the proof in the case char(fc) > 2. 

Assume now char(fc) = 2 . Analogously to the previous case we deduce 


Y 4- m/tm = 


\iy 

Bi + B3D \ 

! -^1, -S3 G 

l\ ^3 

Bi J 



A similar computation as above implies that for g G G{k) satisfying condition (4.301 we 
must have 


det( 5 )”^(gi 52 + 5253 + 9394D) 
det(g)"^(g? + 5i53 + 53 ^) 
det(g)"^(5f^ H- 5254 + glD) 


Bi 

1 + ^3 

Bi + B 3 D + D. 


Putting the first and the second equation into the third and bringing some terms together 
shows 


92 + 53^^ — (5i + 9l)B> + 52(54 + 51 + 53 ) + 93D{gi + gi). 

Add 2glD = 0 to the right side of this equation and let A = 52 + gd.D and i? = gi + <73 + 54 . 
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The equation is then equivalent to 


+ B^D + AB = Q. 

Suppose B ^ 0. Dividing by B^ we obtain (AjB)'^ + {A/B)+D = 0, which is a contradiction 
to irreduciblility ofT^ + T + D e k[T], as A/B e k. Thus B = 0 and we deduce also A = Q, 
which finishes the proof also in the case char(fc) = 2. 

□ 
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